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PREFACE. 


THE object of this work is to supply the wants of 
those students who, for reasons connected with ex- 
aminations or otherwise, wish to have a knowledge 
of “the elements of Elliptic Functions, not includ- 
ing the Theory of Transformations and the Theta 
Functions.” It is right that I should acknowledge 
my obligations to the treatise of Professor Cayley 
and to the lectures of Dr. Glaisher, as well as to 
the authorities referred to from time to time. I 
am also greatly indebted to my brother, Mr. A. IL. 
Dixon, Fellow of Merton College, Oxford, for his 
kind help in reading all the proofs and working 
through the examples, as also for his valuable 


suggestions. 
A. C. DIXON. 


Dusty, October, 1894. 
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ELLIPTIC FUNCTIONS. 


CHAPTER I. 


INTRODUCTION. DEFINITION OF ELLIPTIC 
FUNCTIONS. 


$1. In the earlier branches of mathematics func- 
tions are defined in various ways. Some are the 
results of the fundamental operations of algebra. 
x+1, 2x, x? are such functions of x Others are in- 
troduced by the inversion of those operations; such 
are «—1, 1/x, ./w; and others by conventional ex- 


tensions of them, as at, e*. It is not easy to draw 
the line of distinction between the two last-named 
classes. Sometimes, again, geometrical constructions 
are used in the definition, as in the case of the 
trigonometrical functions. 


§ 2. The elliptic functions cannot readily be defined 
in any of the foregoing ways; their fundamental 
property is that their differential coefficients can be 
expressed in a certain form, and as this is a somewhat 
new way of defining a function, we shall take one or 

D. E. F. A 
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two examples to show that it is as effective as any of 
those above mentioned. 


§ 3. Let us define the exponential function by the 
equation 


Tuy °xP = OXP U- 


This equation tells us what addition is to be made 
to the value of exp wu when a small change is made in 
that of uw, and would therefore enable us gradually to 
find the value of the function for every value of the 
argument w, provided we knew one particular value 
to start with. Suppose then that when w has the 
value 0, exp uw has the value 1, that is, exp0=1. 

This equation combined with the former supplies a 
definition of the function exp u.* 


§ 4. From the foregoing definition we can deduce 
the properties of the function expw. First of all we 
can find an expression for exp(w+). : 

Let w+v=w, and suppose w to be kept constant 
while w and v vary. 


Then fq, OP Y= — GuXPOm — ODE 


d d 
Thus expw. du ox? Ut eXP YT, expu=0, 


d 
or Ty exP wu exp v)=0. 


Hence expwexpv is a constant as long as w is a 
constant, and has the same value whatever we may 
put for w and v so long as u+v=w. 


* Compare the construction of trigonometrical tables, as explained 
in works on Trigonometry. The sine, tangent, etc., of every angle 


are found by adding the proper increments to those of an angle 
slightly less, 
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Put then v=0, w=w, and we have 
exp u exp v=exp w exp 0=exp(w+v), since expO=1. 


§ 5. We can also deduce the expansion of exp wu in 
powers of w. 


For £ exp U=exp u 
du ; 
a 
so that aaa expuUu= i exp U=exp u, 
and 3 Soil, exp U=exp u, 


which =1, when w=0. 
Thus Maclaurin’s Theorem a 


exp uU= Ce +5 te. 


the convergency of which may be ee in the 
usual way. 


§ 6. As another example, define the sine and cosine 
by the equation 


Ty 2 at 5 2 | Meee rea re (1) 
where rh tac tee af. tom noah Sepa ry presen 9 
and sin0=0, cosO=1. 


§ 7. Differentiating (2), we have 


d j 
cos u-— cos U+ sin u cos U = 0, 


du 


; d : 
whence —— COS Ue —SIM- UW, oc scecccessstesecee (3) 


du 


as cos u is not zero in general. 
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§ 8. To find sin(w+v) and cos(u+v) put wt+v=w, 
a constant, as before. 

Consider a symmetrical function of w and v, such 
as sin w+sin v. 


a. : 
Ficus w+sin Vv) = COs wU—COS Vv. 


In the same way 


£ (cos w+cos v) = —sin u+sin v. 
But cos?u + sin?u = cos?v + sin?v, 
so that (cos w—cos v)(cos w+ cos v) 
=(—sin u+sin v)(sin u+sin v). ....... (4) 


Hence (cos u+cos v) (sin w+sin v) 


=(sin w+sin v) ©" (cos uw+cos v), 
sin U+sin Vv __ ee 
COSU+COSY —  cos(u+v)y+ 1’ 
putting w for wu and 0 for v. 

Then from (4) and (5) 


—sin wu+sin v 
COS W— COS V 


sin(w-+ v) ( 5) 


so that 


=a const. also, 


_ sin(w+v) 
~ 1—cos(w+v) 


And we find by solving 
sin?u — sin?v 
gin w COS VU—SIN V COS U 


sin(w+v)= 


=sin u cos v+sin v cos wu by help of (2). 


Here again the functions may be expanded by 
Maclaurin’s Theorem. 
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§ 9. The equations of definition are satisfied also if 
we change the signs of w and of sinu. Thus 


sin( —w)= —sin wu, 

cos(—w)= COS U. 
The equations (1) and (2) are also satisfied if cos w 
is put for smw and —sinw for cosu. The initial 


values however are now different and a constant must 
be added to wu. Call this constant &. 


Then sin(u+0)= cosy, 
cos(w+@)= —sin wu, 
if © is such that sin O=1, cosmo=0. Hence 
sin(u+2o0)= cos(u+ D)=—sin u, 
cos(wu+2a)= —sin(wu+ D)=—cos u, 
sin(u+4o)= —sin(u+25)= sin yu, 
cos(u+40)= —cos(w+25)= cosu. 


Hence the functions are unchanged when the argu- 
ment wu is increased by 40, that is to say, they are 
perrodie. 

§ 10. Again, writing» for ./—1, 


(cos u+.sin w)=U(cosu+ isin wu), 


d ; ; 
or —— (cos w+. sin w)=cos u+ sin wu, 
diw 
and cos 0+.sin0=1, 
so that cos U+. Sin U=exp lu. 


This equation includes De Moivre’s Theorem, and 
shows that exp wu is also periodic, the period being 4.0. 

These examples may be enough to show that func- 
tions which we know already can be defined in the 
way that was mentioned in § 2. 
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§ 11. Now the three elliptic functions sn wu, enw, 
dn wu * are defined by the equations 


d 
——snw=cenu dn u, 


du 


en?u+sn?u = 1,+ 
dn?u + k?sn?u = 1, 
an0=0;, “en d—dnQ=1. 
From these it follows at once that 


d 
=—-ecnu=—snudnu, 
du 

d 2 
—~ dnu= —k’sn u cn u. 
du 


The quantity k is a constant, called the modulus ; 
wu is called the argument. 


§ 12. For different values of the modulus & (or, per- 
haps, rather of /?, as the first power of k does not 
appear in the definition) there will be different values 
of the elliptic functions of any particular argument, 
in fact, snu, enw, dnw are really functions of two 
independent variables, and when it is desirable to 
call this fact to mind we shall write them 


sn(u,k), en(u,k), dn(w,k). 
We shall also use the following convenient and 
suggestive notation, invented by Dr. Glaisher :— 
cnu/dnu=cdu, snu/enu=sce u, 
dn u/en u=de u, 1/snu=ns u, 
1/enw=nc u, ete. 


It is usual to write k’ for (1—h2)2, and k’ is called 
the complementary modulus. 
* Read s, n, wu—c, n, u—d, n, u. 


+ Here and elsewhere sn°u, etc., stand for (sn w)?, etc., as in 
Trigonometry. 
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The reader will not fail to notice the analogy 
between the two functions sn wv and sin u, as also that 
between cosw and either enw or dnw. (Compare 


S$ 74-75 below.) 


EXAMPLES ON CHAPTER I. 


1. Find the value of tan(w+v) in terms of tan w 
and tan v from the equations 


d 2 vs 
Fy en =i + tan u, tan0=0. 


2. Prove also that tan wu is a periodic function of u, 
the period being twice that value of wu for which tan u 
is infinite. 


3. Find the value of sech(w+v), given that 


& sech wu = —sech w tanh wu, 
du 
where sech?u + tanh?u=1, 
and that sechO=1, tanh0O=0. 


4. Find, the differential coefficients with respect to 
wu of nsu, new, ndu, stu, sd u, esu, ed, ds u, dew. 


Ans. —cesudsu, scudeu, k’sducdu, neudeu, 
ndwedu, —nswdsu, —k’sdwndu, —cswnsu, 
ks w ne u. 


5. Differentiate with respect to w 
(1) snu/(1+en). Ans. dnu/(1+en wv). 
(2) sn u/(1+dn w). Ans. enu/(1+dn wv). 


(3) enw/(1+sn vw). Ans. —dnu/(1+snw). 
(4) dnu/A+ksnu) Ans. —kenu/(1+ksnv). 
(5) aresin sn wu. Ans. dn u. 


(6) snu/(dnu—enu). Ans. 1/(enu—dnw). 


CHAPTER IL. 


FIRST DEDUCTIONS FROM THE DEFINITIONS. 
THE PERIODS. THE RELATED MODULI. 


§ 13. It follows from the foregoing definitions that 
if a function S or S(v) of a variable v satisfies the 
equation 


where C and D are other functions of v connected 
with S by the equations 


CTR UP es haces i ve vj ceeds (2) 
DP NA oa ci sa ses (3) 
then S=sn(v+a, A), ...... Pape core ne (4) 
Ot COU GORY, des is sas cs (5) 
B= GIN 04-8 Dy ooo vis oa ap Sane (6) 
where @ is such a constant that 
SIG; RY SRR Aire saa id cecal (7) 
Ct, Are oie uci sce (8) 
dn(a, Ap EA) aioe ss es es (9) 


these last equations being clearly consistent. 
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§ 14. Now, in the first place, the foregoing con- 
ditions hold if we put 


S=—snu, C=cenu, D=dnu, 9=k, v= —u, a=0; 


and thus sn(—w)= —snu, 
en(—w)= cn «| pega pee ee oes (10) 
dn(—w)= dnu, 


or cn and dn are even functions, and sn is an odd 
function. 


§ 15. We have also 


La sc u=(en?u dn w+sn*u dn u)/en?u 


du 


= dn u/en’u=de une u, 
and in the same way 


=ncu= scudceu, 
du 
— deu=k?se u neu, 
du 
d 
— csu=—dsunsu, 
du 
ad 
—nsu=—csudsu, 
du 
d 
—dsu=—csunsu, 
du 


© sdu= ed wnd u, 


_ edu= —k?’sdwnd u, 


d. 

dy blu =K’sd wed wu. DORR (11) 

By integrating these equations we shall deduce 
several important theorems. 
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§ 16. Take for instance 
me edu= —k?’sd wnd wu. 


We have en’u+sn?u=1, 
dn?w+ k?sn?u=1; 
and dividing by dn?w, 
ed?u +sd2u =nd?u, 
1+/?sd?u =nd?u. 
Hence k*sd?u+ed?u~=1, by elimination of nd?u, 
and =k?nd?w+k?ed?w=1, by elimination of sd?u. 
In the equations (1)... (6) of this chapter we may 
therefore put 
S=cedu, C=—ksdu, D=kndu, A=k, v=. 
The value of a is such that 
snna@=1, cnd<0, dna=Z. 
Let us write K for this value of a; then we have 
sn(u+ K)=cd u, 
en(u+K)= —k’sd u, 
dn(u+K)=k'nd wu. 


§ 17. From these it further follows that 
sn(w+2K)= ed(u+ K)=-k’sdu+kndu=-sn u, 
en(u+2K)= —k’sd(u+ K)=-Khedu+kndu=-cn u, 
dn(u+2Kk)=h’+dn(u+ K)=dn wu. 

Also sn(u+3K)= —sn(u+K)= —cd u, 

en(u+3K )=k'sd u, 

dn(u+ 3K )=Kknd wu, 

sn(u+4Kk )= —sn(uw+2K )=sn u, 
en(wu+4K)=cn u, 

dn(w+4k )=dn wu. 


THE PERIODS. j 


Again, sn(K —w)=cd(—u)=cd u, 
en(K —u)=Kk'sd u, 
dn(K —u)=k/nd u. 

Thus the function dnw is unaltered when its 
argument is increased by 2K; snwu and cnw are 
unaltered when the argument is increased by 4K, that 
is to say the functions are periodic. 


§ 18. Take now the equation 


© nsu= —esu ds u, 
where —es?u+ns*u=1, 
— ds?u + ns?u = k?. 
Here we may write 


S=7 ns, C=; dsu, D=:esu,. A=k, v=4, 


but sna, ena, dna are all infinite. We have, however, 
ea=1, dsa=uk. 
Let this value of a be o* L for = time being. 


Then sn(u+ L)=-> 7 ns U, 


en(u+ L)= ; ds u, 


dn(u+ L)=cesu, 

sn(uw+2L)= snu, 
en(u-+-2L)= —entt, ~ ).........000 <0 (13) 
dn(w+2L)= —dnu, 


en(u+3L)= — r ds u, 
dn(wu+3L)= — cesu, 


en(w+4L)= enu, 
dn(u+4L)= dnvw. 
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$19. Also 
sn(u+K-+L)= 7 ns(u +K)= de U, 


on(u+ K+L)=+ ds(ut+K eee U, 
k k; 


dn(u+K+L)= :es(u+K)= —ck'seu, r...(14) 


sn(w+2K+2L)=—snu, 
en(wut+2K+4+2L)= enu, 


dn(u+2kK+4+2L)= —dn u. : 
§ 20. Hence 
sn w has a period 20 as well as 4K, 


en w has a period 2K +22 as well as 4K, 
dn w has a period 4L as well as 2K. 
We may also notice that 
sn( Kk + L)= a 


en(K+L)=", dn(K+L)=0. 


k’ 


THE COMPLEMENTARY MODULUS. 


§ 21. Now consider the first equation of the system 
(11). | 


— seu=deunce u, 


du 
where ne?u —se’u=1, 
de?u —k?sc?u = 1. 
Hence we may put 
S=iseu, C=neu, D=dew, v=iu, A=-K, 
in the equations (4), (5), (6); and as 
S(0)=0, C(0)= D0)=1, 


we have a=0. 
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en(iu, k’)= ne(u, k), 
dn(iu, k’)= de(u, k). 


These equations are of great importance. They 
embody what is called Jacobi’s Imaginary Trans- 
formation and enable us to express elliptic functions 
of purely imaginary arguments by means of those of 
real arguments with a different modulus. 


Thus sn(iu, k’)=cse(u, ms} 


§ 22. In the equations (15) put L for wu. 


Then sn(tL, k’)=.se(L, k)=1, 
en((L, k’)=0, 
dn(iL, k’)=k. 


Thus .£ stands to k’ in the same relation as K to k, 
and we are naturally led to write 


(L=K’, L=—-.wk’. 
Thus if m and n are any two whole numbers 
sn(u+2mK + 2nck’)=(—1)"sn u, 
seh 2O) 


en(u+2mK + 2nk’)=(—1)"*"en u, 
dn(u+2mK + 2m K’)=(—1)"dn wu. 


- We have then the following scheme for the values of 
sn, en, dn, of wu+>mkK+nk’, m and nv being integers : 


m=0, m=1, m=2, m=3. 

sn wu, ed wu, —sn u, —ced u. 
m=Q - enu, —k'sd u, —cn u, k’sd w. 

dn u, k’nd u, dn w, k’nd u. 


(nsu)/k, (dew)/k, —(nsu)/k, —(dew)/h. 
n=1 —dsu)/k, —ck(new)/k, udsu)/k,  ck(neu)/k. 


—.1 cs U, tk’se wu, —1csu, tk’se u. 
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m=0, m=l, m=2, m=s. 
sn U, ed w, —snu, —ced wu. 
n=2 —cnu, k’sd wu, cn U, —k’sd u. 
—dn wu, —k/nd u, —dn wu, —k’/nd wu. 


(nsu)y/k,  (deu)/k, —(nswu)/k, —(deu)/k. 
n=3 <ddsu)/k,  ck(neu)/k, —d(dsu)/k, —ck’(neu)/k. 

LeS U, —vk’se wu, cesu, —k’seu. 
the modulus in the congruences being 4. 


§ 23. These equations show that a knowledge of the 
values of sn u, cn w, dn w does not enable us to fix the 
value of w, and that accordingly the value of K is not 
perfectly defined since we have only assigned the 
conditions 


mn K=1, mK=0, dnK=¥£. 
Writing « for sn w we have 
ecnu=(1— a2)?, dnw=(1—- k2a2)?, 
da 


= =(1-2)\(1— a2)", 


Hence w= ja - 2) 4 - keg2y 4a g, 


the lower limit being 0 because w and @ vanish 
together. 


1 
Thus K={ (1- €) 41 —ke) *dé 
0 
This is a function of k only. The variable € will be 
supposed in the integration to pass continuously 
from 0 to 1 through all intermediate real values and 
those only, and the initial value of the subject of 


integration will be supposed to be unity and _ positive. 
There is now no ambiguity in the value of K so long 
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as k? is less than 1. Also with the same provision K 
is a purely real positive quantity as every element in 
the integration is so. 

Further, &’ is to be the positive value of (1—k2)?, 
for dnw does not change sign within the limits of 
integration and k’=dn K. 


§ 24. Again, so long as k” is less than 1, K’ is also 
a purely real positive quantity. 

Thus for values of the modulus between 0 and 1 
the periods 44K and 4:K’ are the one real, the other 
purely imaginary. 

We shall now show how to reduce elliptic functions 
in which the square of the modulus is real, but not a 
positive proper fraction, to others in which the modulus 
lies between 0 and 1. 


§ 25. We have o sn w=cnu dn u, 
w 
en’u+sn?u=1, 
dn?2u + k?sn?u =1, 
and we may put 
. C=dnu, D=c4u, 
provided we have 
p=kenw, A=k, v=ku. 


Furthermore a= 0. 
Thus —sn(ku, 1/k)=k sn(u, k), 
en(leu, 1/k)= dn(u, b), bocce. (17) 


dn(ku, 1/k)= en(w, k). 


The equations (17) enable us to reduce the case of 


a modulus numerically greater than unity to that of 
one less than unity. 
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§ 26. From the equations (15) and (17) we deduce 

sn(tk’u, 1/k’)=k’sn(cu, k’) =ck’se(u, kh), 
en(ik’u, 1/k’)= dn(u, k)= de(u, k), }.....(18) 
dn(ik’u, 1/k’)= en(cu, k’)=  ne(u, hk), 

and also, since tk’/k is the modulus complementary 

to 1/k, 
sn(iku, ck’/k)=c se(ku, 1/k) =k sd(u, k), 
en(iku,tk’/k)= ne(ku,1/k)= nd(u,k),}..... (19) 
dn(iku,ck’/k)= de(ku,1/k)=  ed(u, | 3 

and from (19) by help of (15) 
sn(k’u, ck/k’) = —ck'sd(cu, k’) =k’sd(u, k), 
en(k’u, ck/k’) = nd(cu,k’)= ed(u, hf ..(20) 
dn(k’u, tk/k’) = ed(icu, k’)= nd(u,k), 


§ 27. The quantities corresponding to K, ck’, the 
quarter-periods, are given in the following table for 
the group of six related moduli :— 


First Second 

Modulus. Quarter-period. Quarter-period. 

k, K, im: 

Kk, RK’, ie 

Lk, k(K —.R’), AK’, 

Lk’, ki(R’ — cB), KK, 

ki |k, kK’, h(K’ +.B), 

ck/k, WK, ki(K+0K’), 


the distinction being that sn=1 and dn=the com- 
plementary modulus for the first quarter-period, 
and that for the second sn, en, dn are infinite and 
proportional to c, 1 and the modulus. 


§ 28. We can prove that if the modulus is a real 
proper fraction the elliptic functions of a real argument 
are real, 
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For as snw increases from 0 to 1, while enw de- 
creases from 1 to 0, and dn wu from 1 to k’, the argument 
wu increases continuously from 0 to K, so that for any 
value of w between 0 and K, snw, enw have real 
values between 0 and 1,dnw has a real value between 
ki and 1. 

Also we see from §§ 14, 17 that 

sn(2k—w)= snu, 
en(2Kh —w)= —cn wu, 
dn(2k—u)= dnu, 
so that when w lies between K and 2K. 
sn w is real and between 0 and 1, 


cn U - . 0 and —1, 

dn w S : land -2Z, 
Again, sn(—u)= —sn u, 
cn(—w)= cnu, 
dn(—w)= dnu, 


so that snw, enw, dnw are also real for values of wu 
between 0 and —2K. 


Also sn(wu+4k)=sn u, ete., 


so that, as any real quantity can be made up by adding 
a positive or negative multiple of 44 to a quantity 
between +2K,snu, cnu, dnvw are all real if w is real. 
They are also real if wu is a complex quantity whose 
imaginary part is a multiple of 2X’, for 


sn(u+2k")= snu, 
en(w+ 2Lk’)= — en u, 
dn(u+ 2vk’)= —dn wu. 


§ 29. Further, when the imaginary part of w is cK’, 
or an odd multiple of it, 
sn wu is real, 
cn u and dn w are purely imaginary, 
D. E. F. B 
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for:» - sn(utik’)= I1/ksnu, 
en(w+ck’)= —:.dnu/ksnu, 
dn(u+ck’)= —1enu/sn wu. 
Again, since sn(cu, k)=use(u, I’), 
en(cu, k)= ne(u, k’), 
dn(iu, k)= de(u, k’), 
it follows that for a purely imaginary argument or a 
complex argument whose real part is a multiple of 2k 
sn is purely imaginary, 
en and dn are real. 


Also, for a complex argument whose real part is an 
odd multiple of K 


sn and dn are real, 
en is purely imaginary, 
for sn(K+ .u,k)= = ed(cu, k)= nd(u, k’), 
en(K +.u, k) = —k’sd(cu, k) = —ck’sd(u, k’), 
dn(K+.u,k)= Knd(u,k)=_ k’ed(u, K’). 


§ 30. It is to be noticed that one of the periods at 
least is always imaginary or complex, and it may be 
proved that their ratio cannot be purely real. 

For let w, and w, be two periods of a function #(w) 
so that 

PU) = G(W+ a) = P(Wt w) = P(UF+Me, + No), 
m and n being any integers. Also let w,/, be real. 

Two cases arise. If w, and w, have a common 

measure w let 


@,=Po, 03> 9%, 
p and q being two integers prime to each other. 
Then integral values of m and 7 can be found such 
that mp + ng = 1, 
so that p(u+o)= p(w), 
and the two periods w,, , reduce to one, w. 
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§ 31. But if, on the other hand, w, and », are incom- 
mensurable we can prove that mo,+7w, may be made 
smaller than any assignable finite quantity. 

For let Aw, be the nearest multiple of w, to »,; then 


W, ~ Aw,( =ws3, Say) 18 less than $a. 
Let wo, be the nearest multiple of w, to w,; then 
~ [4Ws, OF w,, iS less than $a, 
and soon. Then 


1 
w2+r 18 less than 52» 


which can be made smaller than any assignable finite 
quantity by taking r great enough. Also each of the 
quantities w;, w,, ...,18 of the form mw,+e,, so that 
the statement 1s proved. 

In this case then if ¢(vu+mo,+No,)=¢(v), the 
value of the function is repeated at indefinitely short 
intervals, and the function must be either a constant 
or have an infinite number of values for each value of 
its argument. 


§ 32. It may be proved that the same kind of con- 
sequences will follow if a function is supposed to have 

three periods whose ratios are complex. 
We shall represent the argument of the function on 
Argand’s diagram, in which the point P whose coor- 
dinates are (x, y) referred to rectangular axes OX, 
OY, represents the complex quantity x+y. The 
statement that a straight line AB is a period will be 
understood to mean that if from any point P a line is 
drawn parallel to AB and equal to any multiple of it 
the value of the function 1 is the same at the two ends 
of the line. 

Now let OA, OB be two periods. Join AB. Through 
O, A, B draw lines parallel to AB, BO, OA respectively. 
Through their intersections draw other lines in the 
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same directions and continue the process till the whole 
plane is covered with a network of triangles, each 
equal in all respects to the triangle OAB. Then any 
line joining two vertices of triangles of the system is 
a period, since each side of any triangle is one. 

The triangles can be combined in pairs into paral- 
lelograms, all exactly alike, and similarly situated, and 
the values of the function at points similarly situated 
in different parallelograms will be the same. Such a 
parallelogram is called the ‘parallelogram of the 
periods.’ 

Suppose, however, that there is a third period OC; 
then C must fall within or on the boundary of one 
triangle of the network. If it fall at an angular point 
then OC is not a new period, but is only a combination 
of OA and OB. If it fall on a side of a triangle, say 
DE, then DC and CH must be periods, and their ratio 
is real, since they are in the same direction; thus this 
case reduces to the one already discussed. 

If C fall within a triangle, say DEF, then CD, CE, 
CF are all periods. Let G@ be the point similarly 
situated within the triangle OAB, then OG, AG, BG 
are all periods being respectively equal to CD, CH, CF 
in some order. Any of the triangles OBG, BAG, AOG 
may now be taken as the foundation of another net- 
work covering the whole plane, and ‘since there is 
still a third period, we can again find a point within 
the fundamental triangle with which to carry on the 
same process. We can prove that ultimately either 
the point will fall on the boundary of one of the 
triangles, which case has been discussed above, or 
a period can be found shorter than any assigned 
finite straight line. 

We shall form each triangle from the one before 
it as follows. Let Oab be a triangle of the series, and 
g the point found within it. Let Oa>0b. Then we 
take Obg as the next triangle of the series. 


IMPOSSIBILITY OF THREE PERIODS. yA 


Let e be any finite length, then we shall prove 
that a period can be found shorter than e. Suppose 
that none such can be found among the sides of such 
triangles as ABG, ..., abg, ..., which have not O for 
a vertex. 

The angle Oab is always acute, and can never be 
greater than }7— where § is some finite acute angle. 
For if there is no such limit, and Oab can be made to 
approach 7/2 without limit, then since Oba>Oab, 
aOb can be diminished without limit, and therefore 
ab can be made less than e. 

If Oh is drawn perpendicular to ab and g falls 
within the triangle Ohb then Og < Ob. 


If not, we have 
Oa — Og =ag sin }(Oga — Oag)+cos $a0g>e sin $8, 
for ag>Se, Oga>Oha>tr, Oag<t4r-F8. 


Thus Og is less than Oa by a finite quantity, and if 
Og > Ob it will be reduced by a finite quantity at the 
next step and so on, until after a finite number of 
steps we have a triangle in which Ob is the greater 
side. We can then replace Ob by a line which is less 
by at least esin $6, and carry on the process, reducing 
this line again in the same way. 

Let uw be the greatest integer in Ob+esin$8. Then 
after « stages at most the shorter side Ob of the 
triangle Oab will be replaced by a line less than 
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esin}@, and therefore less than e. Each of these u 
stages will consist of a finite number of steps by which 
the originally greater side of the triangle is gradually 
diminished till it becomes the less, followed by another 
step in which that which was the less originally is 
itself diminished. 

It is proved then that if there are three periods 
@1, @s, @s, either they are not independent but satisfy 
an identity of the form lw,+mo,+7”o,=0 with in- 
tegral coefficients, or else a period can be found whose 
modulus is smaller than any assignable finite quantity, 
so that the function has an infinite number of values 
for any single value of its argument. It might of 
course be a constant. 


EXAMPLES ON CHAPTER II. 


1. Prove that each of the twelve functions sn w, 
cnu, ns wu, ..., can be expressed as a multiple of the sn 
of an integral linear function of uw with one of the six 
related moduli, in two ways, e.g. 

dn(wu, k)=k’sn( hk’ —:K — vu, k’). 
=sn(k’K’ —ch’K -—tk’u, 1/k’). 
2. What are the periods of the functions sc u, de u, 


Og iceti + menu, sou, 1 
> I+enw 1+snw’ ‘ > 1+ksn*u 

3. Putting S for snwsn(u+X), verify that 
OS = Eft —dn*(Ut KY}, veeseeseee (1) 
{dnu+dn(u+ K)}?+htS?=(1 +4’), ........(2) 
{dn u—dn(u+ K)}? +48? =(1—K’)?. ........(3) 


Deduce that 


(1+kh))S= sn{u(1 +k’), iz AF 
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and find the values of 


en u(t +2), =F} and an{u(1 +H), ia} 

4. Putting S for sn ude w, prove that 

eS) = 14 2(k2— 12) 8? St, 
w 

5. Verify that 


2 
nf (1 +k)u, oe 


enf{(1 +k)u 


is og 
an{ (1+) 8) 1—ks 


where s, c, d are sn(u, k), en(u, k), dn(u, k), respectively. 
6. If k=,/2—1, prove that 
sn u(— 2)5 = (— 2)? se undu, 
en w(—2)?=neuwnd ut+tksewsd u, 
dn u(—2)2=ne und u—ksewsd wu. 
Hence prove that for this value of %, 
RUA = </%. 
7. If k=sin 75°, verify that 
sn u(—3)? =: sc u(4n/3 —6 —sn2u)/(4—2a/3 —sn2u), 
en u( —3)? =(2 —a/3)(2 —a/3sn2u)/enu(4— 20/3 — sn2u), 
dn u( —3)? =(2—»/3)de u(2 —sn2w) /(4— 24/3 —sn2u). 
Prove also that for this value of k, 
K [Ross J3. 
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8. Find the expansions of snw, enw, dnvw in ascending 
powers of w as far as wv. 


Ans. snu=u—1H1+h*)u? +7451 4+ 1447+)... 
en w=1—4u?+3,(14 4h*)ut..., 
dn w=1—3h?w+s3,(4?+h4)ut.... 
9. Trace the changes in sign and magnitude of 


sn, cn, dn for real and purely imaginary arguments 
for all real or purely imaginary values of k. 


CHAPTER III. 


ADDITION OF ARGUMENTS. 


§ 33. We shall now show how to express the sn, 
en, and dn of the sum of two arguments in terms of 
the elliptic functions of those arguments themselves. 

Let wu, and uw, be the two arguments and let us 
write s,,¢,, d, for snu,, cn u,, dnw,, and 8, ¢,, d, for 
SN Uy, CNUs, dnu,. This notation will often be found 
convenient. 

Suppose w, and uw, to vary in such a way that their 
sum is constant, say a. 
du, 
te 
Consider now some symmetric functions of wu, and 


Us, AS SN U,+SN Uy, SN UCN Uy+SN UCN Uy, ete. 
We have 


d 
da, +8) =¢,d,— Cody, 


Then u,+u,=4a, 


re + 8:01) = C146, — 80,8, + 848,12 — Col ,C, 
q = (d, — d,)(¢,C, — 8189). 
= ge +d.) = —k*(8,¢, — 8,64) 
= —h?8,0,(6.? + 8,7) + k*s,0(¢)? + 8,”) 
= — h( cy — 8;85)(84C9 — 896). 
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Now —h*%(8,2c,? —8,7¢,") = —h*(8,?—8,")=d,?—d,?, 


and thus we have 
d a 
(d,+ oa) hn, (8109+ 8301) = (810g + Pay An + dy). 


From this it follows at once that eae const. 
ee» 2 


so long as u,+uU,=4a. 
The value of this constant may be found by putting 


ee 
u,=Oand u,=a. Itis pase 
sn(u, + ts) __ 81Cy + 80C, 
Thus 1+dn(u,+u,) — a, +d, ; 
8, Cg 85C 1 d +d 
a. Sar ee ee 
§ 34. Again, d,—d, I? 80,4850, 
=a constant also 
_ sna 
~ dna—l 
Thus > sn(u, + U9) _  81lg— 89 


dn(u,+u,)—-1 d,—d, 


Inverting these two relations and subtracting, we 


have 
SN (Uy+Uy) 84Cg + Syl, 840g — 8° 
a 2(8,Cy¢ly — 8264) 
8,7C,2— 8c," ’ 
s2—s,2 
so that sn(u,+U,) = 2 


8Cyl, — 850, 
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By inverting and adding, we have 
_ 840p0, — 8901 


and dn(u, + u,) = cod cand, 


§ 35. In the same way we could prove the following 
relations 
8,d,+s8,_ — Sn(&, + Uy) 
¢,te,  en(u,+u,)+1 
8,d,—8d,  _ sn(u,+4U,) 
C¢,—-¢,  en(u,+u,)—-1 
Cd,+ed,_cn(u,+u,)+dn(u,+ Uy) 


8+ ae sn(u,+U,) 
Cd, — cod _cn(u, +U,)—dn(u,+ Ug) 
8- Hae sn(u,+ Us) 


which we shall leave to the reader to verify. 
§ 36. Any one of them is enough to give the value 
of en(u,+u,). Adding the last two we have 
8100p — 8.0, 
8,°— 8," 


8,¢,d, — 8,c,d 
and hence = en(u, + u,)=++ 22}, 
ak —s,¢,d, 


es(u, + U,)= 


? 


by help of the value given in § 34 for sn(w,+4,). 


§ 37. The formulae just found can be expressed in 
other ways. 
We know that 


sn(utiK’)= 7 ns u, en(u+lk’)= —;ds U, 
dn(u+ck’)= — ces u. 
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Put then u,+ cK’ for u, in the above formulae. We 
have 


7 1 d d 
an(uy +1 +)= (Feros?) / (r+) 
1 
sn( + Ue) = 7 sn(u, +c’ + u,) 
__ 84Cohy + 890,, 


6 5 > 
1—k’s,’s,” 


, Ade . (860 1 
ssloe Mae eda a = )/ (359-%), 


8) 


dn(w,+u,) = es(u,+¢K’ + uy) 
_ dd, —k?s,8,0,C, 
ee ee eS he 


) c d 1 
ds(u, +c’ +u,)= (- fare t Ste ey) Gags — 3.) 


The expression on the left is —:k en(u,+u,), so that 


CC, — 8,8,0,d 
LS i 9h hae Oa - 
cn(u, +u,) = +4 455 
1—k?s,?s, 


These three forms, in which the denominator is 
1—k?s,?s,?, are those generally quoted. It may be | 
verified by multiplication that they are the same as 
the former set. Thus, in the case of dn(u,+4,), 


(d,d.— k?8,8504Cy)(8, C19 — 8401) 
= 8,¢,¢1,(d,? + k°s,2c,”) — 8:¢,d,(,” + k?8,7cy”) 
= (8,c,d, — 8,¢,d,)(1 — k*s,"8,"), 
for d? + k*s,2c,2 = 1 — k*s,°8,? = d,* + k*2,"c,”. 
The other verifications are left to the reader. 


§ 38. By putting u,+K for u, we may form 
another set from each of the two we have. The 
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four sets of formulae are embodied in the following 
scheme :— 


Numerator of sn(w,+ w,): 

81Cog + 8:0,d,, 8" 8,”, 8,C,dy + 8:C9d,, 81Col, + 890, dy. 
Numerator of cen(w,+ 2.) : 

CyCa-S,8.0,dy, 80 —-8,0o,, 1-8,°-8,? + k*s,78,7, c,c,d,d,-k’*s,5,. 
Numerator of dn(w,+ 2%.) : 

Ay d—k?8,850Co,  84CA 1-820, €yCxd,d.+hs,8,,  1-k?s,?-k*s,? + k?s,?s,”. 
Denominator of each : 

1-k?s,°s,?, 81CyM5-8yC,0,, CyCy + 8,891, dd, + k*s3820,Cp. 


§ 39. The above formulae give the sn, en, dn of 
Uu,—U, by simply changing the sign of s,,. 
8,¢,d,—s,c,d, 

| ek aa 

By combining different formulae we easily find the 
following, writing A for 1 —k?s,?s,? :— 


ete. 


Thus sn(U,— Us) = 


A sn(u,+u,)sn(u, — Us) =8,?—8,”, 

A en(u,+ U,)en(u, — vs) = 1-8? — 8,27 + ks,?s,”, 

A dn(u,+ u,)dn(w, — uy) = 1 — k?s,? — k?s,? + k?s,?s,?, 

A sn(u,+ uz) en(u, — Us) = 8,¢,d, + 8,¢,d,, 

A sn(u,+u,)dn(u, — vy) =8,¢,d, +8,¢,d,, 

A en(u, + u,)dn(u, — Uy) = ¢,¢,d,d, —k?s,s,. 

A{1+ sn(u,+U,Q)}H{1L+ sn(u,—u,)} =(c,+8,d,), 

A{1l+tksn(u,+u,)} {1£k sn(u, —u,)} =(d,tks,c,), 

Ajdn(uj+u,)+ en(u,+u,)}{dn(u,-u,)ten(u,—u,)} 
= (d_+¢,d,), 

A{dn(u, + %.) +k en(u,+ u,)} {dn(u,-u,) £k en(u,-wy)} 
= (d,d,+ke,c,)*, 

A{1 ten(u,+u,)}{1 + n(u,—u,)} =(E,£¢,)”, 

A{1 tdn(u, + u,)}{1 Edn(u, — uy)} =(d,£d,), 

A{1 ten(u,+u,)}{] F en(u, —u,)} =(8,d,%5,d,)” 
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A{1 Edn(u,+Ug)}{1 Fdn(uy — We)} = (8,0. F 8904)”, 
A{k’tdn(u,+u,)} {kh tdn(u, —u,)} = (kh +d,d,), 
A{k’+tdn(u,+ u,) }{k’ Fdn(u, —uy)} = —h*(e,c,£k's,8,)°, 
A{dn(u,+u,) £k’sn(u, + u,)} {dn(u,-u,)£k’sn(u,—ug) } 
== (Oi, hs); 
etc., ete. 
The verification of the above results will give the 


reader useful practice in the algebraical handling of 
the elliptic functions. 


§ 40. Since w=v+a is the integral of the equation 
du=dv, a being the constant of integration, the 
different addition-formulae may be considered as 
forms of the integral of the same differential equation. 
Also if we write « for snwu, y for snv, the differential 
equation becomes 

(1— x2) 21 ~ k2a2) *da =(1- yy (1 _ k2y2) #dy, 
which therefore has an integral that is algebraical in 
«x and y, although neither side can be integrated by 
means of algebraical functions. This fact was known 


for a long time before elliptic functions were invented. 
Euler succeeded in integrating the equation 
X-?da+ Y4dy=0,. 
where X is a quartic function of z and Y is the same 
function of y. 
Let AX = ant + bx? + ca? +ex+f, 
Y=ay'+by+eyteyt+f. 
Then the integration is as follows :— 
Write X’, Y’ for dX/dx and dY/dy. 
We have 
AnY¥ 2 24 9/3 2 2 
a. ytay?+ y*)+ da? +ayt+y")+cary) +e. 
X’+ Y= 4a(a?+y*)+3b(a? + y”)+2c(at-y) + 2e. 
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Thus 
Soe & cae ee 5 
pe EY) eet yfo—y)— ie—y) 
= —(a@—y) {ua + y) + 30}. 
d 4_4y-4ty d 4 r-hy 
Also das =4X 4X’, 2 Fred =4,y-2y" 
Hence (7 — 29. Uaety) _Ua-y) _UX*—Y"*) 
_(X8- Y})d(a@—y)—(e@—y) dX? — 3) 
a 2 Cee Ces) 
= 1 (oa) 
~ (a@—y)fatet+y)t+3b} \ ay J 
Therefore 


2 
{aw+y)+sb}de+y) = 


a= y? 
oy 
g being the constant of integration. 
This is the integral sought. 
Further information, with references, will be found 
in Forsyth’s Differential Equations, pp. 237-247. 


and 


2 
) saetyP+bety)+9, 


§ 41. Suppose in the addition-focrmulae that w, is 
real, and u, purely imaginary. Then s,, ¢, dy, ¢, d, 
are all real, and s, is purely imaginary. Thus the 
imaginary part of sn(u,+u,) is 

a6.d, 
1 — k?s,?s,” 

This cannot vanish unless s,=0 or 0, or c¢,=0 or 
d,=0. 

“But d, cannot vanish as uw, is real, and if c,=0 we 
have u,=an odd multiple of K. 
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Also since u, is purely imaginary, if s,=0 or « 
we have u,=a multiple of ck’. 

If then a complex argument have a real sn, its real 
part must be an odd multiple of K, or its imaginary 
part a multiple of ck”. 

In the same way if the sn be purely imaginary, 
8,=0 or ©, or c,=0 or d,=0. These are all im- 
possible but the first, so that the real part must be a 
multiple of 2K. 


§ 42. From this it follows that sn has no other 
period than 4A and 2k’. For if A were such a 
period it must be complex, say A,+/A,. Then 
sn(w+A,+cA,) is real or imaginary according as w is 
real or imaginary. | 

If w is real we have 


A,=a multiple of A’, 
for w+ A, is not generally an odd multiple of K. 
If w is imaginary we have 
A,=a multiple of 2K. 


Hence there can be no periods other than those 
already found. The same holds for en and dn. 


§ 43. Suppose now that there are ‘two arguments 
u, and wu, for which sn, en, and dn are all the same. 
Then it follows from the addition-formulae that 


sn(u, +U,) =sn(u,+ Us), ete., 


whatever wu, may be. 

Hence u,—Uz, is a period for sn, cn, dn, and must be 
a quantity of the form 4mK +4n.k’. 

Thus all arguments having the same sn as w are 
included in the formula 


(—1)™ut+2mK + 2k’ ; 
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all having the same en in the formula 
tut4mK+2n(K 4th’); 

_and all having the same dn in the formula 

tu+2mK+4uk’. 


§ 44. An important property of the elliptic 
functions, which has been assumed once or twice in 
the foregoing pages (as in §41) is that they are 
uniform, that is to say that each of them has one 
single definite value for each value of its argument. 
Many examples might be given of functions for which 


this is not the case; x? 1s one. 
The property may be proved as follows :— 
Suppose sn w=@, and let us examine the behaviour 
of w and # when @ is in the neighbourhood of a value a. 
Put c=a+6, and let a be the value of uw when «=a. 


Then aA (1-(a+ 8°} 2(1 — (ka hE}. 


The right hand side of this equation can be ex- 
panded in a series of powers of €, which will always 
converge absolutely so long as | €| (the modulus of €) 
does not exceed the least of the quantities 


| 1 


| l-a Z+4 . 


| Bost y | 
Phe e leg | 
ee +a p | ke a P 


(See Chrystal, Algebra, ch. xxvii., § 11). 

By integrating every term on the right we get 
another absolutely convergent series since the term 
in €” is multiplied by €/(r+1), a constant (complex) 
multiple of a quantity that decreases as 7 increases. 

Hence the value of w is given as the sum of an 
absolutely convergent series. 

Therefore (see Chrystal, ch. xxx., $18) € can be 
expanded in a convergent series of powers of u—a 

D. E. F. Cc 
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within limits which are not infinitely narrow, and 
within those limits € is defined as a continuous uniform 
function of w (Chrystal, ch. xxvi., §§18, 19). This 
applies to every finite value of a but +1, +1/h. 

If a has any of these values we may put «=a+&’, 
and deduce the same conclusion. 

Lastly, in order to consider very great values of x 
we put w=1/€, and find that 1/x is in that region a 
continuous uniform function of w. 

Hence in all the plane there is no point where any 
branching-off of two or more values of « takes place, 
and therefore x is a uniform function of w. 

The uniformity of enw and dnw can be proved in 
the same way. 


EXAMPLES ON CHAPTER III. 


1. Verify from the formulae of this chapter that 
As sn(W, + U2) =en(U; + Ug)dn(u, + U2), 
1 


en'(U,+U,)+ sn(u,+Ug)=1, 
dn?(u,+u,)+h*sn*(u,+u,)=1. 
2. Find the sn, en, dn of u,+u,+u, in terms of 


those of u,, Us, Uz, and show that the results are 
symmetrical. 


3. If u, tu.+u,=0, show that 
d,d,d,—k*c,c,¢, =k, 
d, +kc,8,8, = dds, 
CC, — C, dod, = k’*8,8., 
8,C, + 8,0, +8,¢,d,=0, 
C, +8585 = CoC. 
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4. If u,+u,+u,+u,=0, show that “ 
d,d,d.d, —k*c,c,c,¢, + k*k7s,8,8,8, =k, 


B, o, dd, 1 |=0, 
ee ee ae | 
A od 4 
e438 


(8,62 — 820 (U3 — dg) + (830, — 84C3)(4, — 2) =0, 
(c,d, — CA, (85 — 84) + (C3, — C4dlg)(8, — 83) =O, 
(s,d,— 8d, )( Cz — €,) + (831, — 8,dg)(€, — 6) = 0. 


(These relations may be put in many more forms by 
such substitutions as u,+K, u,, u,—K, u, for u,, us, 


Ug, Uy) 
/ 5. Tf u,+u,+u,=0, then 


3 
[ey Gd, 8 | 


6. If S(w) be written for snudew and Su) for its 


differential coefficient then 
, , 2_ 92 
S(uy+u)="T gad 5 SS 
7. Verify the formulae of § 39. 
- 8. Prove the following :— 
en(wu—a)— en(u+a) 
. aucaeense ~ dn(u—a)+dn(u+a) 
_1 dn(w—a)—dn(uta) 
~ k2 en(w—a)+en(w+ay 
ed(u—a)+ed(u+ta 
Geib Sana eae 
_ _k? nd(u—a)—nd(ut+a) 
~ k® ed(u—a)— ed(u+ay 
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de(u—a)+de(u+a) 
ne(wu—a)+ne(w+a) 
1, ne(uU—a)—ne(w+a) 


‘ de(wu—a)—de(w+ a)’ 
sn(w+a)+ sn(w—a) 
~ dn(wu+a)+dn(u—a) 
1 dn(w—a)—dn(wu+a) 
~ f° sn(u+a)— sn(w—ay 


sn(w+a)+ sn(wu—a) 


dnwdna= 


sdwena = 


sew dna = en(w-+a)+ en(u—a) 
- en(u— a) _ en(w+a) 
~ sn(w-Fa)— sn(u—a)’ 
_ sd(w+a)+ sd(u —a) 
snweda ~ nd(w+a)+nd(u— () 
_ 1 nd(w+a)—nd(u—a) 
~ ik sd(u+a)— sd(u—a) 
_ se(w+a)+ sc(u—a) 
sn wu dea ~ ne(w-+a)+ne(w—a) 
_ne(u+a)—ne(wu—a) 
~ se(u+a)— se(w—ay’ 
_ds(u-+a) + ds(u—a) 
dn wnd “= ns(w+a)--ns(w—a) 
_ns(u+a)—ns(u—a) 
~ ds(u-+ a) — ds(u— ay’ 
ds(u— a) + ds(u+a) 
snuwnsa = 


es(u—a)— cs(w+a) 


_ es(w—a)+ cs(w+a) 
~ ds(u—a)— ds(u+ay 


EXAMPLES III. 


sd(w+a)+sd(u—a) 
cd(u+a)+ed(u—a) 

1 ed(w+a)—cd(u—«a) 
~ hk?” sd(w+a)—sd(u—ay 
de(u+a)+de(u—«) 
se(wu+a)— sc(u—a) 

se(u+a)+ sc(u—a) 
‘de(u+a)—de(u—a) 
ns(wu—a)—ns(u+a) 
es(u— a) — es(U +a) 
_ es(u—a) + es(U +4) 
~ ns(w—a)+ns(u+ a) 


scwunda = 


chuds a= 


=}? 


cnwunced = 
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CHAPTER IV. 


MULTIPLICATION AND DIVISION OF THE 
ARGUMENT. 


§ 45. By putting u,=u, in the addition-formulae 
we easily find the values of sn2u, en2u, dn2u in 
terms of snu, enu, dnu. Writing S, (, D, s, c, d for 
these quantities respectively, we have 

S = 2scd/(1 —k’s*), 
C= (c? — 8°?) /(1 — k*s*) = (1 — 28? + k?s*)/(1 — st), 
D = (d? — k’s*c?)/(1 — k?s*) = (1 — 2h?s? + ks*)/(1 — k2st), 


§$ 46. Moreover, these equations can be solved for 
s, c, dif S, C, D are supposed known. 
We have D—C=2k’s?/(1—k?s*), 
D—hC=k*(1 + k’s*)/(1 — ks*), 
D—h?C +k? = 2k?/(1 — ks*), 
D—I?C—k? = 2k’?hk?s*/(1 — ks"). 
D—k?C—k? D-—C 


' en = 
1-C 
=T7D by subtraction, 


1-—D 


= +O) by subtracting again. 
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Hence we find the following formulae for $u :— 


ae 2 = \2 
sm tu=(i Fina) ~eiFena) 


_(1-enu)*(1—dn wu) 


ksnw : 
(rey 1l—dnwu i 
*" \ 14+dnu / ~ k\dnu-—cnu 


_(=dn u)(dnw+en Di 


ksnw 
pairens), ( 1l—-enw 3 
2 ——_ am 1 —— LT 
aba ( l+enu Ms) 


_(dnu+en el —cn uw)? 
es sn w : 


§ 47. In particular 
sniK=(1+ky?, 
oniK=kK*1+ky?2, 
dn} K =K?, 
sn 41K’ = ke? 
being purely imaginary and of the same sign as its 
argument ; 
en $k’ =k *7(1+k)?, 
being a positive quantity ; 
dn 1K’ =(1+h)?, 


being also positive. 
These three may also be deduced from the others 


by using the complementary modulus. 
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Also 
sn $(K+1K’)= 


14.(1+k—(1-k y 
2 ke 


1. flee a nt 
en WK+iK) =": ( ur) {A+ky—(L—k)"} 


k’\3 
=a , 
dn MK +k) =*>! — WA 4 ky 41 —b)'}. 


These three are most conveniently found from the 
former six by the addition-formulae. 


MULTIPLICATION OF THE ARGUMENT BY ANY 
INTEGER. 


§ 48. By repeated use of the addition-formulae we 
can find the elliptic functions of 3u, 4u,..., in terms 
of those of wu. 

We may prove the following facts about the form- 
ulae for sn nu, en nu, dn nu :— 

Firstly, when 7 is odd, 


sh nu=sn uXa rational fractional function of sn?u, 

cnnu=cnwu Xa rational fractional function of sn2w, 

dnnwu=dnwu xa rational fractional function of sn2u. 
In each case the denominator is the same function, 
and is of the degree ?—1 in snu; the numerators 


are different, but are of the same degree, n?—1. 
Secondly, when 7 is even, 


sn nu=snucnudnu Xa rational fractional function 
of sn?x, 

en nu =a rational fractional function of sn?u, 

dn nw=a rational fractional function of sn?w. 
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In each case the denominator is the same, and its 
degree is n? in snu; this is also the degree of the 
numerators of ennw and dnxnu; the numerator of 
snnu+snucnu dn wu is of the degree n?— 4. 

Clearly we may say a rational function of cn?w or 
dn?u instead of sn?w without altering the meaning 
or the degree to be assigned. 


§ 49. These statements are evidently true when 
n=1 or 2. Suppose them to be true for the values 
m and m+1 of 7; one of these values will be even, 
and the other odd. 

Write S,, C,, D,, N, for the three numerators and 
denominators of sn pu, cn pu, dn pu respectively, and 
s,c,d@ for snu,enu,dnu. Then 


Som — 28mCmD al’ m 


=scd x a rational integral even function of s of 
degree 4m? — 4, 


Com = CVn — Sin Pin 
=a rational integral even function of s of 
degree 4m?, 
Ds, =D Ea SACS, 
=a rational integral even function of s of 
degree 4m’, 
ee ste Noe as) x 
=a rational integral even function of s of 
degree 4m’. 
Also 


oe Y Y 
Som+1 — Beg 1 xe +1 + Sing 1Vin atm . 


=a rational integral odd function of s of degree 
2m?+2(m+1)?—1, that is, (2m+1); 


Com+1 =a CaN Cm — Vin Se ey Sal? is, Se = 1D m+1 


=a similar function of ¢; 
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Dom+1 = pi Sh Em + WV mn Lie k?SinCinSn + 1C'n +1 
=a similar function of d; 


Neal. 4 ee 


2m+1 m m+i m~m+1 
=a rational integral even function of s of 
degree (2m+1)?—1. 

Hence, if the theorems hold for the values m,m-+1, 
they hold also for 2m and 2m+1. Now they hold 
for 1 and 2, and therefore for 2 and 3, 4 and 5, and 
universally. 


§ 50. Also these expressions will be in their lowest 
terms. Consider for instance C,,,a rational integral 
function of ¢ of degree m?. This must vanish when- 
ever cn mu=0, that is, whenever 

mu=K+2pK+2qk’, 
p and q being any integers. 

Hence the roots of C,,=0 as an equation for ¢ are 

K+2pK+2qk’ 
m 
m different values found by making 


the values of en This expression has 


p=0, 1...m—I, 
and g=0,+1...43(m—1) or +4m, 
in turn. Thus the degree of the numerator of cn mu 


cannot possibly be lower than m? and the expression 
we have found for en mu is in its lowest terms. 


2 i i 2 
Also as 2+ S=N?, 
2 n2, V2. 2 
Dik SNe 
and C,,, Nin have no common factor, S,, and D» can 
have no factor in common with either. 


§ 51. We may notice that when J, is expressed in 
terms of s, the coefficient of s? in it vanishes. 
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For WN, =NL-PSs, 
Noms | [da gal e: Peery 


Now s is a factor in S,, and S,,,;, so that if the term 
in s? is wanting in V,, and N+, it will be wanting in 
Nom and Nom+1- 

Now N,=1, V,=1-—/?s‘, from which by induction 
the theorem follows. 

By changing wu into u+cK’ we find that the co- 
efficient of s”°-? vanishes in S,,, when m is odd and in 
Nin When m™ is even. 


DIVISION OF THE ARGUMENT BY ANY INTEGER. 


§ 52. If we know the value of sn wu, the multiplica- 
tion-formula gives us an equation to find sn u/n. 


When v is odd, 


UW. ; 
sn — is the root of an equation of the degree n?, 
whose coefficients are rational in sn w. 


When 7 is even, 
sn" is the root of a similar equation. 


We may show that the solution of these equations 
depends only on that of equations of the mth degree. 


§ 53. Take the case when 1 is odd. 
Since snw=sn(u+4pkh+2qik’), it follows that 


sn ‘(w+ 4pK +2q:k’) is also a root, and as this ex- 


pression has 7? values it includes all the roots. Call 
it A(P, q). 

Then clearly any symmetrical function of A(p, 0), 
A(p, 1), ..., Ap, W—1) will be unchanged by adding 
any multiple of 2.K’ to wu. Such a function then will 
have only 7 values, given by putting p=0,1,...,n—1 
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in turn. It will therefore be a root of an equation of 
the nth degree only. 

Thus A(p, g) is the root of an equation of the nth 
degree whose coefficients are also given by equations 
of the nth degree, rational in sn w. 

The same form of argument holds in the case when 
nm is even, and also in the case when enw or dnw is 
the function given and we have to find the sn, en, or 
dn of w/n. 


EXAMPLES ON CHAPTER IV. 


1. Find the values of the sn, en, and dn of 
3(mkK +k’) for all integral values of m and n. 

2. Prove that sn 4X is a root of the equation 

1— 2a +4 2h?a — k?at =0. 

What are the other roots, and which is the real one? 

Ans. sn(4kK+21k’), sn(8kK+2tkh’). The last is real. 

3. With the notation of this chapter, show that 
Nom41 + Com41, expressed in terms of c, has 1 +c for a 
factor, the other factor being a perfect square. 

4. Show that Non—Co, has 1—c* for a factor, and 
that the other factor of it is a perfect square, as is 
also Nom + Com. 

5. Prove that when expressed in terms of d, 
Noms1+-Dom41 has 1+d for a factor, the other factor 
being a perfect square, that No»— Dem has 1—d? for a 
factor, and that the other factor, as also W»,,+ Den, is 
a perfect square. 

6. Show that Nom + So, can be expressed as a pertect 
square, as can also the quotient of Non yi Sandi by 
1+(-—1)”s. 


7. Prove similar facts with regard to N,»+hkSp, 
KN. + Dui; Dat Cas Dag & Cue 
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8. Prove that 
(CN¥in— Cn) =e (Ning ass Cats reat ae Cn - 1), 
(dNin— Din? = (Ning rir Si rSy 6. oe mA Darn - 1) 
are independent of the argument w. 
9. If uw, vy are any two nth roots of unity, show that 
the nth power of 


n-1l n- 


1 
DF pPyisn wy +4pK +2q:Kk’) 
p=0 g=0 n 
is a rational function of sn uw and en wudn u. 

Hence show that the value of snu/n may be 
found by the extraction of nth roots, if sn2K/n and 
sn 2./¢’/n are supposed known. 

10. Use the last example to find expressions for 

sn3u, sn du. 


11. When 1% is odd, prove that 
n-1n-1 
n sn nu=>) >) sn (u+ 
v=0 K=0 


4uk + — 
117 


n-1n-1 Auk + 2k’ 
h , et Se ee ( M ) 
and that n2sn2nw > > sn?( w+ zn 


v=0 w=0 
12. When 7 is even, prove that 


nins’ny = >> Ss ns(w fs 2uK + = 


v=0 “~=0 n 


CHAPTER V. 


INTEGRATION. 


§ 54. We must now examine how far it is possible 
to integrate, with respect to w, any rational algebraic 
function of snu, enw, dnw, or, as we shall write 


them, s, ¢, d. 
(8,¢,d) 
In the first place, suppose the function to be e,¢,4) 
¢@ and y being rational integral algebraic functions. 


We may make the denominator rational in s by 
multiplying it and the numerator by 


vW(s, =P, dys, C, —dyK(s, met —d), 
and by means of the relations 
ef=1—s, d=1—k*s; 


by means of the same relations we may reduce the 
numerator to the form 


X1(8) + Cxo(8) + dx9(8) + cdx,(8), 


the denominator being y(s) and x, x1, Xa X— Xp all 
rational integral algebraic functions. 


cd (8) ee x,(8) 
§ 55. Now [axa = [Xe ds, 
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which can be integrated by the ordinary rules for 
rational fractions ; 


ad. x3(8) X3(8) 2\-4 
oe du= paa- —s*) ds, 


and this can be reduced to the integral of a rational 
function by the substitution 


ioe 
oo 
oes oe 
which gives ad—fy = - af 
los, [xO =| Mey — k2s2)2ds, 
x(8) 
which can be reduced by putting 
| 2z 


The problem is thus reduced to the integration 
of x, (s)/x(8). : 


§$ 56. The first step will naturally be the expression 
of y,(s)/x(s) as a series of partial fractions. 
| hen this has been done the expressions to be 
integrated will fall under one of the two forms 


ge (s— a) aes 


a being any constant, real or imaginary. We will 
consider these in turn. 


Let [sndu =Um Now 
- (s™-*cd) 


i (m eee 3)s™ — 4622 _. gm-2]2 _ fp2gm - 22 
=(m—1)k?s™ —(m—2)(1+h?)s™~ 2+ (m —3)s™-4, 
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and therefore, integrating, we have 


C+s™-3¢ed 
=(mM—1)k?2Um—(m— 2) 1 +A )Un_2+(M— 3B y_4 


where C is a constant. 
Thus when m > 38, v,, can be expressed by means of 
Um-2 and Vm_4; and in the case when m=8, v, can be 
expressed by means of 2. 
Thus when m is odd the integration of v,, depends 
only on that of v,, and when m is even on that of 2, 
and Uo. 


‘be 


§ 57. Now v,= |snudu 


‘ed 


= 2|sn 2x dx, putting 27= u, 


f'4snaenadna 
J 1—ksn‘ax 
ae 
Tie FP 
1, l+ke 
"ETP ike 

1 1+k sn?hu 


oh Sit sn2 du 


Thus the integral of an odd power of sn wu can always 
be expressed by means of the functions sn, en, dn, log. 


tting z=sn’x, 


§ 58. Again, Uy= aw =U, 


V,= [sntu du. 


It is not possible to express v, by means of known 
functions, and a new symbol has to be introduced. 
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The letter # is generally used, and the definition of 
its meaning is | 


Eu= [ ant du, 
0 


so that V,=(u— Eu)/k?. 
The value of Hw when w=K is generally denoted 
by # simply, so that 
Em [anu du. 
0 
The Greek letter Z was used by Jacobi for a slightly 
different function, defined as follows :— 
Zu=EHu—wk/kK. 
Thus ZK =0. 
One advantage in the use of this notation is that 


there is not the same risk of confusing the product 
Eu with the function Zu. 


§ 59. We now turn to \(@-aymdu, which we shall 


call w, Put s—a=t. 
£( —a)~™*Ied 


=(—m+ 1\(s— a)" ™c?d? —(s— a)~™+13(d?+ kc?) 
=t-™((—m+1)—(—m+ I+) t+ayP 

+(—m+1)k(t+a)*—tt+a){1+h?—2h(t+ a)?}] 
= —(m— 1) —a®)\(1 —k2q?)t-™ 

+ (2m —3){1 +h? —2ka?}at-m+1 

+ (m —2){1-+h?— 6)2a2}t-m+2 

—(2m—5). 2h?a . t-™t+8—(m—8). k2. t-m+4, 
Integrating, we find that w,, can be expressed by 


means of known functions, and Wp_1, Wn-2, Wm-3, 
D. E. F. D 
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Wy-4, provided always that (m—1)1—a?)(1—/?a’) 
does not vanish. 

If a?=1 or 1/k?, then w,,-1 can be expressed in 
terms of Wy-2, Wn-3, Wm-4 for 2m—3 does not vanish. 

Hence for these special values of a the integral can 
be reduced to wW, w_,, W-», that is to v, v,, v,, and no 
new function need be introduced. 

But in general the reduction can only be carried on — 
as far as w,, since when m=1 the coefficient of w,, in 
the formula of reduction vanishes. We must introduce 
~ a new function to express w,, and w,, ws... can be 
expressed by means of this and known functions. 


$60. Now though |e —a)-'du and [oc +a)-tdu 


cannot be found in terms of known functions, their 
sum can. 
For by the addition-theorem 


2snwenadna 
a ee ee 1—k?’sn2a sn?u- 


Now each of the terms on the left can be integrated 
since we have found |snudwu. Hence if a be so chosen 


that sn @=1/a, we have an expression for 


| 28 du or [(e-a)-tdut (e+ a)" "du. 


pee 


The new function that is introduced is therefore 
only needed to express 


ic —a)~tdu— |e +a)-'du, 


and the one actually chosen is 


“k?snaenadnasn*w , 
1—k?sn?u sn2a 
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This is denoted by II(u, a), and w is called the wrgu- 
ment, a the parameter. 

It has been shown then that any rational function 
of snw, cnu, dnu can be integrated by help of the 
new functions # and II. The properties of these will 
be considered in the next chapter. 


EXAMPLES ON CHAPTER V. 


K K 
1. Prove that fal sn2u du =| ns?u du—k’. 


to] by 


K 
= 


2. Prove that ee| ean +kh?u— Hu. 
ima 1 en 


9 Fj nd | —$ du ee du 


ae leone lites 1 dn 

k enudnw kiu sn u cn u 

me ®. jallu TH Tpkenw eet BO (kh +dnuy 
sn wdnw sn wu cn wu 
l+aw ee je Eu) 1—dnu 


4. Show that 


“snacna dna du : U 
Go) ioe 
sn?u — sna sn(a—w) 


5. Prove that 


ns uw dw=log sn $u—log en }u—log dn fu, 


‘ed 


cs udu=log sn $u+log en $u—log dn ju, 


ds u du=log sn $u—log en }u+log dn du. 
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6. Verify the formulae 


sn aena dna dn?u du cn(u—a@) 
‘i tee a ee 
J en?u —sn*a dn? Ti(u, a) +3 log en(u+ay 
r“k?snaenadna en*udu _ dn(w—a) 
| ee eee ee ee eae 


7. Prove that | 
Il(kw, ka, 1/k) =II(u, a, k), 
Tl(ew, ca, k’) =II(u, a) +4 log 


cn(u—a)  snadna 
en(wu+a) cn a 


) 


the modulus on the right being / throughout. 


CHAPTER VI. 


ADDITION OF ARGUMENTS FOR THE 
FUNCTIONS Z£, II. 


§ 61. Expressions can be found for E(u,+u,) and 
II(u,+U,, a) in terms of functions of w, and u,. 
As in the former case, suppose wv, +4, = b, a constant. 
Take the function Hu,+ Lu,. 
d . 
ane + Lu,)=d,?—d,? 
= —k*(s,?—8,*) 


_> — k’sn(u, + Uy) 8,C,d, — 8,€,d,) 
d 
2 os 
=k2sn bh. nae 


Thus Lu, + Hu, —k’s,s,sn b is constant, and putting 
u,=b, u,=0, we find its value to be Eb. 
Hence 


Eu, + Eu, — E(u, +v,)=’sn u,sn u,sn(u, + u,). 
It follows that | 
Zu, + Zu, — Z(u,+u,) =k’sn u,sn uw sn(w, + Uy). 


§ 62. Putting u,= K we have 
E(w+ K)—Eu=E—k’snwusn(u+ K) 
= H—k*sn ued u. 
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Kut+2k)—H(ut+ K)=F£—k’sn(u+ K)sn(u+ 2k) 
= KH+k’sn wed u. 
E(u+2K)— Eu=2E8. 
Hence E(ut+2mk)— Eu=2mek. 
Z(u+2mkK) = Zu. 


§ 63. Let us apply Jacobi’s Imaginary Transforma- 
tion ($21) to Hu. 
We have 


Eau, y= ane, k’)du = if der, k)du. 
0 0 


d snudnwu sn?u dn2u 
=— ———— = dn*u —k’sn*u+——_, 
dw enw en2w 


= de?u — k?sn7u. 


Now 


sn wdnu 
en w 


Hence E(u, kb’) = +.u— Hu, 
the modulus when not expressed being /; no constant 
is added for both sides vanish with wu. 

Thus as en K=0, (cK, k’) and therefore also 
E(k’, k) are infinite. Let us find the value of 
EK +k’, k). 

EK K+u)=Eu+#-Kk’sn usn(u+K) 
= Hu+ E—k’sn wed u. 


Thus 
LEK +u)+ E(u, k’)=(ut+ £)+¢8n u(de u — hed ") 
ik?sn u 
= tt 2) dine 


Put now ck’ for u, and write 
E’ for E(K’, k’). 
Then MK+(K)—-H=h-K, 
E( K+ th’) =H4+0(K'—-F’). 
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§ 64. Since 
E(K+u)=Fu+H—k’sn usn(u+k) 
we have 
EK K+mK)=E(mk)+H=E(mK—-—K)4+2Kk=.... 
Thus L(mK)=mE if m is any whole number. Also 
Kwu+2mk)— Hu= 2K) =2mEL. 
In the same way 
En K+ kh )=mk(K4ch)=mE+im(K'—- L£’). 
E(u+2mK + 2k’) — Hu=2mE 4+ 2m(K' — LE’). 
Thus 
E(ut mk + 2nck’) = Eu+2mE 4+ 2n(K' — EL’). 


This equation shows that the effect on the function 
Ew of adding any multiple of 24 or 2.K’ to its argu- 
ment is to add the same multiple of 2# or 2.(k’—£’) 
to the function. 


§ 65. The quantities K, K’, H, HE’ are connected by 
an important equation which we shall now prove. 


Clearly 
eK ,eK+ cK’ 
RiW(K+:K’)—E} = ( dn2u du)dn, 


eK+ Kk’ 
KK’. b= ( dn?2v dude, 

, \. 

Thus 
K epK+UK' 
M+ K) —(K41K)E= | | (dn2u—dn2v)dudv. 

0K 

The right-hand side may be transformed by putting 


snusnv=e, dnudnv=y. 
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We have 


x,y) | enudnwsnv, —k’snwenudnv 

u,v) | envdnvsnu, —k’snv env dnu 
= —k’?en wu en v(sn?v dn?u —sn?w dn?2v) 
=en wen v(dn*v —dn?w). 


. . . . 1 
The subject of integration is then : 
cn ucn v 
Now k?en?u en? — y? = k?k?a? — k?, 


so that the transformed integral is 


| | k dy dx 
(y? + hk? — 2)? 


As to the limits, snv takes all real values from 
0 to 1, and sn w all real values from 1 to 1/h. 

Thus, if « has an assigned value >1, snwu and snv 
are nearest when 


snUu=2, an ve 7, 
and furthest apart when 
snw=I1/k, snv=ke. 
The value of y will therefore range from 
k(1—ix2)t to 0. 
For y?=1+hta? — 2h?a —k?*(sn u—sn v), 


which is least when snw and snv are furthest apart, 
and greatest when they are nearest. 

Also, if « has an assigned value <1, snw# and snv 
are nearest when 


snu=1, snv=2, 
and furthest apart when 


sw=1/k, mv=ke. 
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The value of y will therefore range from 
k(1—k2a2)? to 0 still. 
The integral is therefore 


1 (1 k2a2)8 : 
{| hed Bes hatin 
(y? + k2k/2a2 — k’?)? 2 


Any doubt there may be as to the sign of this result 
is removed by the consideration that in the original 
double integral 

dnv>k’>dnu, 


so that the subject of integration is always negative, 
while du is positive and dv has the sign +. 


Hence K. W(K4+ch’)-—(K4 Kh) £= — her. 


Substituting the value that was found above for 
E(K +:K’), we have 


Tie he 


$66. The following result will be useful after- 
wards :— 


K 
| Eu du=}(KE—log l’). 
0 


We may prove it thus 
K K K 
| Rudu= | EK —w)jdu=3| {Eu+E(K—u)}du 
0 


0 


K 
= 1 {H+k?snwsn K sn(k —u)}du 
0 
Kk’sn wu en u 


=4KE+ | du 


0 


=1lKE-}logdn K=}(KE—log k’). 
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ADDITION OF ARGUMENTS FOR THE FUNCTION II. 
§ 67. Again if u,+u,=b, 
d 
SF abe a)+II(us, a)} 


_k’snacnadnas,? k’snaena dn as,” 


1 — k?s,*sn?a 1—k’s,’sn?a 


_ ksnacnadna(s,?—s8,”) 
~ (1—/?s,’sn2a)(1 — h?8,2sn2a) 


Now we have seen that 


d 
s,°—s,?= —sn b-— (s,8,). 
oe 1°2 
du, 


What we have to do is therefore to express s,?+8,” 
in terms of s,s, and b. Now 


(1 —/?s,?s,”)?en b dn b 
= (610, — 8,824, 44)( dd, — h*8,8,0, 0.) 
= ¢,¢,d,d,(1 + k?s,?s,”) — 8,8,(kc,7c,” + d,?d,”), 
(1 — k?s,?s,”)’sn2b 
= 28,8,C,C,d,d, + 8,7c,"d,? + 8,2c,7d,”. 
So that 
(1 —k?s,?s,”)?{(1 + k?s,2s,”)sn?b — 2s,s,en b dn b} 
= (1+k?s,?s,")(8,°c,’d,?+8,7c,2d,7)+ 28,78,7(k*c,*c,°+d,7d,”) 
which reduces to (1 —k?s,’s,”)?(s,7+8,”). 
Hence s,?+8,?=(1+4?s,?s,”)sn"b — 28,s,en b dn b, and 


{L(y a) + 1g, «)} 
k?sn aenadnasnb 
~  1—k’sn?a{(1+ks,2s,”)sn?b—28,8,en bdnb }+hs,?s,2snta 


dl 
x Tu, \*1*s)- 


THE FUNCTION II. 59 


The denominator 
= (1 —k’sn?a snb) + 2h?s,s, . sn2a en b dnb 
+ k4s,?s,’sn?a(sn2a — sn2b) 
= (1 —k?sn?a sn*b){1 +4s,s,sn a sn(a+b)} 
{1+4°s,s,sn a sn(a—b)}. 
The numerator 
= (1 —/’sn*a sn*b)k?sn a{sn(a+b)—sn(a—b)}. 
Hence 


d | 
~ Fu, es, a)+II(u,, a)} 
_1  FPsnasn(a+b) ad 
— 21+%?s,8,sn asn(a+b) du, 


_1_ snasn(a—b) 
2 1+*s,s,sn a sn(a—b) 


be loo 2 488280 a sn(a + b) 
2du, °8 74 k*s,s,sn a sn(a — by 


Integrating then, we have 
II(u,+ ug, a)—TI(u,, «)—II(u,, a) 


1+/’sn u,sn u,sn asn(u,+U,+a) 
1—f?sn u,sn u,sn a sn(u,+U,—a) 


(8,85) 


ad 
a 


= 3 log 


§ 68. There is another interesting property of the 
function II which we shall now prove. It connects 
II(u, a) with II(a, uw), the same function with argu- 
ment and parameter interchanged. We have 


2k?sn a ena dna sn?u 
1—k’sn2u sn2u 


d 
27 lu, a) = 


=k’sn a sn u{sn(w+a)+sn(u—a)}. 
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Thus 
25 2° Tu, a) 
=k’snw{sn(wu+a)ena dna+sna en(u+a)dn(u+a)} 
+k?snu{sn(u—a)ena dna-sna en(u- a)dn(u- a)}. 

But by the addition-theorem 
sn?(w+a)—sn7a 

sn(wu+a)ena dna+sna en(u+a)dn(w+a) 
sn*(u—a)— sna 

~ sn(u— —a)en a dna—snaen(u—a)dn(u—ay 

for u=(u+a)—a=(u—a)+a. 

Hence 


snUu= 


oe sag | Oe Pen? Qa? 
25 gully, a)=k’sn?(u+a)+h?sn*(u — a)— 2h?sn2a 
= 2 dn?a —dn*(w—a)—dn*(w+a). 


In ee same way 


2 2 2 
2 ey w)=2 dn?’u—dn(a—w)—dn(a+u), 


ati a we ete 2: 18 
so that =~ {T(u, a)—II(a, w)} =dn?a—dn*u, 


© ((u, a)—H(a, u)} =u dn’a— Bu, 


for IL(0, a) =II(a, 0)=0. 
Finally then II(u, a)—Il(a, u)=u. Ha—a. Eu. 


This may also be written uZa—aZu. 
EXAMPLES ON CHAPTER VI. 


1. Prove that Bu+K)-Lu= B+ log dn w. 
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2. Prove that 

ButK+K)—Bu=E{K 4K) + © log en. 
3. Prove that 

EKutckh’)— ku= KK 4+ 1k’) — ee log sn wu. 


4. Prove that kE(ku, 1/k)= E(u, k)—k?u. 

5. Prove that 

kE(ku, ck’/k)=cu—cE(u, k)+ck*sn(u, k)cd(u, k). 

6. Find the values of #3 K, Hick’, EY K+ cK’). 
Ans. }(#+1-Kk), 3(k’—£'+1+4), 


A B4K —cl’ +k+ck’). 
7. Show that 


i(k, a)= KZa, 
W(K4+cK’, a)=(K4 cK )La+era/2K. 
8. Prove the formula 
2IT(u, a) =2uHu— [ze dv. 


U—G 


9. Verify that 

2I(u, $K)=u(il—k’)+log dn(wu+ $k )—s log k’. 
10. Prove that the limit when @ is indefinitely 
diminished of II(w, a)+a is w— Lu. 


11. Show that Lnu—nFu is equal to a rational 
fractional function of sn w multiplied by en w dn uw. 
By partial fractions or otherwise show that 


dl 
nhnu—nHu= a log Nn, 


where N,, denotes the common denominator in the 
expressions for sn nw, en nu, dn nu. 
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12. In the same way prove the formula (7 being odd) 
n-1 n—- , 
nEnu— 24 p> \ B(u-+ sas — 
= —n(n—1)( H+ cK’ - cL’). 


13. Prove the formula for addition of parameters in 
the function II, namely, 


Hu, a+b)—I(u, a)—I(u, 6) 
| 1+?snasnbsnusn(u+a+b) 
= 4 log 
1+’snasnbsn wusn(wu—a—b) 


—k?wsnasn bsn(a+b). 


14. Find the value of mu, a) and prove that 


2u 
II(u, w)=uku— | Ev dv. 
0 


15. Prove, by putting w+v=2r, w—v=2t, and 
integrating, that 


Il(u, w)+1I(v, a) -—T(w+y, a) 
{1 —k?sn?(v —a)sn*t} {1 —/’sn*(r + a)sn?r} 
{1—’sn*(r + a)sn*t} {1 — ne —«)sn?7}" 


=} log 


CHAPTER VII. 


WEIERSTRASS’ NOTATION. 


§ 69. For some purposes it is convenient to use the 
notation of Weierstrass, which we shall now explain 
shortly. 

We write gu for a’ns?aw+ 8, where ais any con- 
stant and 6 is a constant which we shall determine. 

Differentiating, we have 


gu = —2a®ns au es au ds au. 
Also es?au = ns?au — 1, 


ds?au = ns2au — k?. 


Thus (gu)? = 4(gu — B)(gu —B—a?)(gu— B—a°h?). 
Now choose 8 so that the coefficient of g?w on the 
right may vanish. Then 
B= —}2X(1+I?), 
and (pu)? = 4e*u — g.9U — Js, 
where 
J2= —48(8 + a*) —48(B + aPk*)— 4(B + a?)(B+ aPh*), 
Js= 4B(B+a°)(B+ ark"). 
The equation 
(9'u)? = 4e*u — JU — Jp 
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with the particular equation 
Limy,=( v’eu) =1 


constitutes the definition of Weierstrass’ function gu. 


§ 70. Conversely, if gu=a, 
U= | (4a — Jot — J) 2dex. 


x 


The periods of the function gu are 2K/a, 2K’/a. 
They are denoted by 2, 2w respectively, and their 
sum by 2”. We then have : 


gw =B+a? =€,, say, 
au. = B + q?k? = €5, Say, 


gw = 6 =€,, Say ; 
and €é,, é, é, are the roots of the equation 
4ac*— got — 9, =0 


in descending order of magnitude. 


Mee 


Thus Vw=9'w =—'w =0. 


§ 71. We may write 9(w, J, g3) for gw when we 
wish to specify the quantities go, Js. 

Thus if we put wa for a in the original definitions 
gu is changed into p2guu, and go, gs are changed into 
pig, and w°qs. 

Hence 9(%, Jo, J3)=M'e(MU, Me *Jo, Gs). 

In particular 


(LU, Jos Js)= — PU Jor — Is): 
Also by a second differentiation we have 
20’ue"U = 12¢?u9'u — g.9'U, 
9" u = 6¢"U — 39x 
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§ 72. The addition-formula for gw is easily. found 
from the formula 

8,7—8,” 
81 Cody — 80,0, 


(s,¢,d, — s,¢,d,)" 
For ns(V1 + V2) =~ (52 = 32) , 


sn(v, +02) = 


818)" 8178, 
- (2% = any 4 S a 2 (cS = “or 
. By” 8a \ 85" sy" 
a) (4-4) ata 1-6) 
se 83 2 32/ \s2" 3,2 


This, translated into Weierstrass’ notation, as ex- 
plained in §69, gives, if we take v,=av, v,=av, and 
remember that 1+k?= — 38/d?, 

1 
e(utv)+eu+ev=7( 
the formula sought. 
_ Again, 


gu — = 
gu—gv /’ 


0 gu-e—v_ _—_g®u-g”ug'v , 6e’u—hy, 
Ou gFU-——v  =—s (Gu — ev)? QU — ov 
oe (= - eu _1¢?u—9v , 6g?u-h9, 
~ WAeu-—ev/ 2(@u—evy" gu-gev 
Now 9?w—v=4(¢'u— gv) —9,(gu—ev), 


, anes / POPE PS 
so that < EET EY _ (29.4 pr) —5(2U 8") , 


U QFU—Pu 2\ gu—gv 
1 0 gu-¢g’v 
and plutv)=puny = SEE” 


D. E. F. E 
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§ 73. Instead of the function # or Z, Weierstrass 
uses (uw, defined by the equation 


Differentiating, we find 
Cu= — Qu. 
The term = is put outside the sign of integration 


because gu is infinite at the lower limit, but gu—-, 
is finite. . 
The value of ((w+v) is found as follows :— 
C(ut+v)— Cu= —e(u+r) + pu 

pes g'U-PU 

~ 2 du gu —~U 

1 gu- (a yu 

2 eu —ev’ 


Hence ((w+v)—fu—-C= 
where C is a quantity independent of w. 


Also (u— “=0, when w=(); and for the same value 


of u, put=.=0, and pu is finite. 


Th 2 puree f is zero when w=0 and 
2Q9uU—-gv WwW 
C= Cw. 
_l gu-gu 
Hence (u+v)—fu-—wv= 3 pu =90 


The definition of ¢ shows that since g is an even 
function, € is an odd function. Thus 


((—u)= — Cu; 
and if utv+w=)0, 
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eee g'u—e'v 
we have Cu+fv+iw= 9 eu —ev 

ee eee 

~ 2ev-—ew 2ew—gu 

= —(gu+ guv+ew)?. 

The theory of these functions will be found de- 

veloped in Halphen’s 7T’raité des Fonctions Elliptiques 
et de leurs Applications (Gauthier- Villars). 


EXAMPLES ON CHAPTER VII. 
v7 1. Prove that Site ht) ASO = 
{e(U+ w) — pw} {EU — Pw} = (Pw — Gw')(Pw—Gw"). \ 


4 2. Tf w+u+w=0, show that quantities a and b 
may be found such that 


gu=agou +), - 
gv =agv +b, 
gw=agow-+ b. 


va 3. In the last question prove that “ : | 
a= —2(Cu+ fut ww). : 
4. If the equation 4*—g,7—g,=0 has only one 


real root, prove that one corresponding value of & is 
a complex quantity whose modulus is unity, and that 


in this case k?sn uk“? is real if w is real. 
y 5. Show that ee 
492u =9ut+ (Ute) +e(U+a)+e(U+o’). 
6. Prove the formulae 
(1) (gu+e(Ut+e)} {e(U+o')+e(U+o’)} 
= —49w92u —4ow' ew. 
(2) p}w=eu+t (gu—ey)*(u—e,)? 


3 


+ (gu —es)°(gu— e,)* +(gu— e,)*(gu 5 e,)°. 


? t 
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7. Writing 7,7’, 7" for fw, fw’, fw", prove the formulae 
(1) n+ =7', 
(2) E(W+QMw + 2m'w’) = Gut 2my+ 27’, 
if m and m’ are integers ; 
(3) nw — 70 = de, 
(4) ie ev du=(u— wtf & dv+4 log "4 _ 


U 


ae 


=(u+hw)n+} log(gu—e) 
—} log(e, — e)(e, — és); 
(5) 2€2u=€ut (ut+o)+ f(ut+o) + (u-w’). 


8. Show that 
| Re da — 2ugo=[ Pe _ da—2Qv tu. 
ea 
0 


x — OU 

9 If a and b have the same meaning as in Ex. 2, 
show that 

dy, g’a—a ga—b gu ge. pw 

da 8 xtagrtb— GL—-PU PL——Y' PL-PW ” 


CHAPTER VIII. 


DEGENERATION OF THE ELLIPTIC FUNCTIONS. 


§ 74. For certain values of the modulus the elliptic 
functions degenerate into trigonometrical or expo- 


nential functions. 
Thus let k=0, then dn u=1 always, and 


— snu=cn u. 
du 
where en?w+sn2u=1, 
and enQ=0, mO0=1. 


Therefore sn wu is sin w and en wu is cos wu (§6), 
Eu=u, K=E=}7, Zu=0. 


§ 75. The six related moduli in this case are equal 
in pairs, the three values being 0,1, 0. 
If k=1, then dnwu=cn wu, and we have 


du ° w=cn?uw=1-—sn2u, sn0=0. 
Put sn w=tanh @ and we have 
sech2Q? = 1 — tanh? = sech?20. 
du 
Thus 6= wu, as they vanish together. 
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Hence  sn(w, 1)=tanh w, 
en(u, 1)=dn(w, 1)=sech u, 


E(u, )= [ anu, 1)du=sn(u, 1)=tanh w. 
0 
K is the least positive value of wu for which sech w=0, 
that is K=00, 
&H=sn K=1. 
Z(w, 1)=tanh u.* 


§ 76. For the case when k= we have 


sn(u, bye 7, sn( ku, ,)= “sin ku, 
en(wu, k)= dn (Ieu, p= 


dn(wu, k)=en (Ku, ,)= =cos ku. 


These formulae show the behaviour of snw, enw, 
dn u when w is a quantity comparable with 1/h. 

The table of periods for the related ean (§ 27) 
shows that in this case both the periods are infinite, 
their ratio being —1. 


§ 77. When k=0, the real quarter-period is finite, 
its value being $7; the i imaginary period is infinite. 

When k=1, the imaginary quarter-period is finite 
and equal to $v; the real period is infinite. 

It may be shown that in this case the limit of 
K~log k’ is finite, and in fact = —1. 


* The notation sg wu, cg u for sn(u, 1), cn(u, 1) is sometimes used, 
in honour of Gudermann. As however the functions have names 
already, being the hyperbolic tangent and secant, we have not used 
the others. 

The function arcsin tanh w is generally called the Gudermannian 
of uw and written gdwu. (See Chrystal’s Algebra, chap. xxix., 
§31, note.) 
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For we proved that 
K 
\(EK —log l’) = | Eudu. 
0 


K 
Thus }(EK—2K-—logk’)= | (Eu—1)du. 
0 


Also E(u, 1)—1=tanhw—1 
= —2e-™/(1+e-%"), 
so that [izm, 1)—1}dw=log(1+e-™") = — log 2, 
between the limits 0 and «2. Hence 
Limp K/log ¥) = Lim 85 — 08" tog = 1, 
as #=1 in the limit. 


EXAMPLES ON CHAPTER VIII. 


1. When & vanishes, prove that 
IIl(u, a+ K’)=u cotat+s log 

2. Show that 

II(u, a, 1)=4 log cosh(wu—a)sech(w+a)-+ u tanh a. 

3. Prove that the degeneration of gw takes place 

when g,?=279,”. 
4. Show that gd(c gd w)=cu. 
5. By the substitution 


bcot 0—atan 0=(a+b)cot ¢, 
prove that 


sin(a— Ww) 
sin(a+w) 


rf 


z 
| (a*sin?6 + b?cos?0) *d0= | (a,?sin?6 + b 2cos’6) 2dé, 
0 0 
where 2a4,=a+b, b,= a*b?, and a, b, a,, 6, are all 
positive. 
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6. If in the last question a,,b, are formed from a,b, 
as these from a,b, and if this process is carried on, 
show that in the limit, when v is increased indefinitely, 

Tv 


On =bn= 4 / i (a?cos?0 + bsin20) 2d0. 
0 


(This quantity is Gauss’ Arithmetico-Geometric Mean 
between a and b.) 


CHAPTER IX. 


DIFFERENTIATION WITH RESPECT TO THE 
MODULUS. 


§ 78. The elliptic functions depend on two variables, 
the argument and the modulus. We must now show 
how to differentiate them with respect to the modulus. 

Write s,c,d for snw, enu, dnu, and let c, y, 6 denote 


cee coe —dn wu 
"Gre Oke : 


ok 
Since then os = Cd, 
du 
we have aa yd+co. 
du 
Since c? + 9? = d?+k4s?=1, 


we have cy+sc=0, déd+ks?+k?sco=0. 
Eliminating y and 4, 


0d + so(d? + kc”) + ks*c? = 0. 


Now od = —s(d?+k’c?), 


afa\.. ke 
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: d sc k282c? ; 
Again oe he c—s?+ cee — k/?s?/d?. 
d/o kec ke? k’?2—d? 
Thus 7.(5—yaq)=— j= 


gee 
ca k’d' ko kk” 


each side vanishing when w=0. Hence 


and 


Ome Fong enw = ven we dn 
ok pee 
Oenw k; W ku 
————- = — 2 gaat pe J») .’2 

ok en sitet ae Un he ke aces 
Oo / 


§ 79. From the last we may further find < Eu, as 
follows :— 


Sh 0. Bk 2h 
Mek ok dn?u = — FAs d?—2kwu .scd +7, iv “Ew. sed. 
Now Lae = 2d? — 32d? — k?s°e? 
dw 


= ks? + cd? — 28"d?, 
d 


Ford 2)_9FF 242 
dye) 2Eu .scd +s*d?, 
I ae 2 
att 8 =2u.scd+s*. 
eku d {ks ‘ oI 
Hence eee {Ee —ks?. w+ 1 
ki 2] 2 2 12.02 2 2 ke 2 
= —_ 9d? +ks? — = wal v+ced )= — Ta’. 


ki? 
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Integrating, 
a) k a k 
aye = —7a cn 24 Hu — ku sn2u +77 5snucnudnu, 


since again both sides vanish with w. 


§ 80. These equations enable us also to find 
ada ete 
dk. de 
We have en(K, k)=0, and therefore 
we oe KanK+ if sn K dn K=0 


dk k 
Maye dK E-k?k 
by differentiating. Thus qe 


—snkdnk. 


C) 


Again, when w= K, sje = —kK. 
dE ak 
Thus oie —kK+dn nk 
Boek bok 
=—kK+ es» 
ae ge WR di’ Kk 
Pe a eee 
ae PRR al KO 
es a 
§ 81. Again 
at Ae : 
ait dea aaa 
Bo. Peek | 
Tope © gs 


a. & 
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Putting k?=c, k”=c’' in this we have it in the form 


ie 


which is unchanged if ¢ and ¢’ are interchanged. It 
must therefore also hold when X is put for K, as can 
easily be verified. 

The most general solution of the equation 


d d 
ai Pak) hy 


is accordingly y=AK+BK’, 
where A and B are any constants. 


§ 82. In the same way 
d (%) dE dK E-K E-K*K _kE 
adk\dk/ dk dk &k a. 


This equation is not satisfied by £’ also, but we saw 
(§ 63) that 


EK K+ Kh) = F+¢(K'- 
so that K’— LH’ is suggested as a second solution. 


i 
ko 


d , 1 ee 


ia ee ek 


Hence the most general solution of the equation 


12 
ae PAG a th=9 
is ¢=CE+ D(K’— FP’, 


C and D being any constants. 


EXPANSION OF THE PERIODS. 17 


§ 83. The differential equations just found for K 
and # may be solved in series, and thus the expansions 
of K, k’, E, E’ in powers of k may be found. 


Take SAGA wee ky, 


and put 7] — 53) ppkest a 
r=0 


for the ee of k in successive terms must clearly 
differ by 2. Then 


Fe NGL Hey = suk 


+2f(st+2r)?u,—(s + 27r—2)(8+ 27) ur-1— Mrs herr 
The coefficients are therefore given successively by 
the relation tp (AE) ro and the values of s 
by the equation s?=0. This equation has equal roots, 
so that we find the second solution by differentiating 
the first, namely 


8 2, (e+ 143) .- : (8+ 2r— 1)? 48 a 
k po) (s+2)(s+4).. (s+2ry k 43 


with respect to s before putting in the value of s. 
Hence, if 


pote eee +E eeM en. 


efi .o -.. (2r—1)\* 
and . y,= al eS ee - 


x pe-de Be 


the complete primitive is 
y= Ay + By 
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§ 84. We may therefore choose A and J so that 
this expression shall be the value of AK or KK’. 

Now we have seen that when k=0, K=47. But 
y,=1, y,= for this value of k. Thus 


kainy 34 Deeds} 


Suppose that K’=Ay,+By,. 


§ 85. In the same way, from the equation for L we 
may find series for # and K’—£”, or we may use the 
formulae 


B=k?K +kk?dkK/dk, 
Kl — MH a=hk?K’ +kk?d kK’ /dk. 
Putting z,=(1-F (yn, + po), 
d 
Z>= (1 _ l2\(yy -- KH, 
we find E=}72,, 


K’—H’ = Az,+ Bz,, 
where 


2 2 92 ee 
eel 1p_ 23 12,32, ..(2r-3)42r-1) 


om i 
ya 22.42. (Ir)? 


: ee Sal) 
a= alogk+1+>) 4 { 2.4... 29 
1 1 I 
«| sai 2-3 +35) | 


Hence EH =A(y,—%)+ BY, — 22); 
and as when 4 =0, 


a2, 
k?r—..., 


E’=1, y,-2,=0, and y,—2,=—1, 
we have B= 1. 
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§ 86. A, as well as B, may be found as follows: 

We found (§ 66) that the limit of 4(#K-2K-log i’), 
when k=1, was —log 2. 

Thus in the limit, when k=0, 

{A(y,—%) + BY2— 2) }(AY + Bye) 
—2(Ay,+ By,) —logk+2 log 2=0. 
The coefficient of log’ on the left is —B?-—2B—1. 
This must vanish, so that, as we found before, 
B=-1. 


The absolute term is —-AB—2A+2log2. This must 
vanish, so that 


A =2 log 2. 
Hence K’ = 2y,log 2—y,, 
Hi’ = 2(y, — 2)log 2 — (Y2— 2). 
It is noticeable that the series y,, 2, are hyper- 


geometric. Thus, in the notation of hypergeometric 
series, 


K=5F(4, 3,1, ®), 


=5h(-3, 4,1, 2). 


EXAMPLES ON CHAPTER IX. 


1. Prove that A increases with k so long as the 
latter is a positive proper fraction, while # decreases 
as k increases. 


2. Show that 


a Evdu=—5 a yuteuy +f Eu 


k sn?u 


atop Oh? ? 


and hence find — <u, a). 


80 ELLIPTIC FUNCTIONS. 


3. Prove that if JV, is the common denominator of 
sn 7u, cn nu, dn nu, and is equal to unity when u=0, 
then 


ON, , &Nn 
n? ‘2 i 
Khe EE On 


+ a —1)N,k?sn?u=0. 


4. Writing « for snw, transform this differential 
equation into the following, in which w and k are the 
independent variables :— 


ON, oN. 
2]off2——_™ 4. (1 — a?)\(1 —fe2an?) 
2n7kk A +(1-a*)(1-k?x?) aa? 


oe {(2n?-1)k?(1—a?)-1+k?a? }4+-0?(n?-1)N 72? = 0. 


(For Examples 3 and 4 use the result of Ex. 11, 
Chap. VL.) 


5. Show that 
3 
3— 2793") wu 
(Jo Ys ag? 
= a — £9) —99,07U +392 QU + 39295) 
(92° — 27932). 9 


= 9'u( ee F93¥) + 69,97u — 99,gu- Jo 
6. Prove also that 


~) 
8 — 279,")— Cu 
(Jo Is ag.$ 


= —QU(EGg7U— FI3CU) + £90 UT E92 CU — 8G 2IsU, 
and that 


(ge° — 2192) Cu 
=— vated U—F93X) — 39.0 U— gg, -+ig.2u 
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7. Show, by differentiating the equation 


Q(uU+ 2w) =u, 
or otherwise, that 


(9,5 — 279," Pe — jog.’ + 39s, 


(9.2 —279," og, 20); —3nJo. 


~) 
(9.°— 2793") Ls £192” — 30929; 
Js 
3 7. 2 On 9 1 = s 
(92° — 2795 Lies — 2193 +4wJ,”. 
Js 


9. Verify by differentiating that 2K’+ h’K—KK’ 
and yw’ — ym are constants. 

10. Interpret the following differential equation, 
satisfied by i — 


2 
26 pu 480g PU=ZUPU + oU. 


11. Verify the values of es and af when one of 


the related moduli k’, 1/k, 1/k’, ck/k’, ck’/k is sub- 
stituted for hk. 

12. Deduce the expansions of K and # in powers of 
k by means of the equations 


K={a- — k?sin?6) 200, B= ; ( 1 —k?sin26)*d6. 
0 


13. From the equations of Ex. 12 find the values 
dK dE 


of 77 and WE 


D. E. F. an 


CHAPTER X. 


APPLICATIONS. 


S 87. The usefulness of the Elliptic Functions con- 
sists chiefly in this, that by means of them two surds 


of the form (a+2Ba + ya2)* can be rationalized at 
once. One such surd could be made rational by 


an algebraical substitution: thus (1 ~a2)3 becomes 
(1—y?)/(1+y?) if 2y/(1+y?) is put for «, and (1 +42)? 
becomes (1+y?)/((1—y?) if 2y/(l—y?) is put for a; 
but generally speaking no rational algebraical or 
trigonometrical substitution will rationalize two such 
surds. 

§ 88. Let the two surds be s* and o* where 

s=a+2be+ca*, 3 oc=at+2Prt+ye’, 

We shall suppose the coefficients in s and ¢ to be real. 

Also let S=A+2Ba4+ Ca? 
where A, B, C are found from the equations 

Ac—2bb+Ca=0, Ay—2BB+Ca=0, 
so that in fact S=| 1 —a 2 |. 
2 ee 


ee ee 
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Let €, 7 be the two roots of the equation S=0. 

Then it is known that s and o can both be expressed 
as sums of multiples of squares_of «—€,a#—y, and in 
fact it is easily verified, since 


a+b(E+n) + c&y=0, 
a+ B(E+n)+ yé&n=9, 
that s(€—) =(cE+ b)(x—n)?—( en + b)(a—€, 
and = o(£—1)=(y€+8)(@—n)— (yn+ B)(@—-€/*. 
Also by tracing the rectangular hyperbolas 
a+b(E+n)+ c&y=0, 
at B(E+n)+yé&=0, 


each of which has the line €=y for an axis, it is at 
once seen that the values of € and y which they furnish 
are real except when the line €=y is the transverse 
axis in each, and each hyperbola has one vertex lying 
between those of the other. This is the case in which 
s=0 and ¢=0 have both real roots, arranged so that 
one root of each falls between those of the other. 
We see also that in the identity 


s(€—n) = (cE + b)(x— 1)’ — (en +b \(a— €)’, 
the product of the coefficients of the squares on the 
right is — {c?&+be(E+y)+67}, that is ac—b®. 

Hence s is expressed as the sum of two squares if 
s=0 has imaginary roots, as their difference if s=0 
has real roots. The same holds for c. 

If then € and y are real we may by the real rational 


substitution y=(%—y)/(~«—€), express s? and ¢? in 
terms of y and two surds (+1+ y?y?, (41+ py?) 


§ 89. Such a surd as (—1 — 22) will be imaginary 
for all real values of y. The other cases we shall 
take in turn, 
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I. To rationalize (1—«2y2)?, (1- eye)? (Take c«>p.) 
Put KY = sn(u, #), 

then (1— ey?) =enu, (1- u2y?)? = dn U, 
IL (1—«2y2)4, (1+ 2y)? 


Put Ky = en} u, e \ 
(u2-+ x2)? 


then (1 —x2y?)'=sn u, (1+ p2y2)' = ~ u2-+x2)¢dn w. 


WL 1+2y2)', 1+u2y2)%. (Take «>p.) 
2 ,,2\8 
Put Ky = sof, — 
K 


then (i+ 2y2)? =newu, (1+ u2y?)? = dc u. 


TV: (x2y2—1)%, (1— u2y?)?. Here « must > mw, or 
both surds cannot be real. 


Put By = infu, Coa) \ 
then (1— u2y?)? ss (x? = u2)’sn u, 
(xy? — 1)" = ie — u2)¢en uw. 
V. (221, + ney?) 
K 
Put KY = ne} u, ares 


then (x’y?— 1)" =seu, (1+ uy?) = “(e + u2)*de U. 
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VI. (x2y2—1)3, (u2y2—-1)%. (Take «> ».) 

Put py = ns(w, ), 
then (x2y? — 1)? = us U, (wy? 1)" =< 68 2. 

In each case the value of x is given in terms of wu 
by substituting for y in 

a=(yE—n)/(y—1). | 
It hardly need be. said that if € were infinite, we 


should put y=#—y, and then we could go on as 
before. 


§ 90. If €=y, the process fails. But in that case 
s and o have a common factor x— € | 


Let s=(x—€)(cv+d), o=(«x—€)(yx+0). 


cet+d __. _ 6y?—d 
Put yo+s 7? oe yyt 


Thus = s(c—yy’)’=(6y?—d—£c+ éyy’)(cd—dy)y?, 
o(c— yy") = (dy? —d— e+ Evy’ (cd — dy), 
so that s? and ¢? can be expressed by means of a 


single surd of the form (A + By?)?. This surd can 
again be rationalized by putting 


Hence if €=y, the surds can be rationalized by an 
algebraical substitution. 


§ 91. The above does not apply to the case when 
s=c(a—d)(x—e), o=y(x—d\«x—e), 


d, 6, e, e being real quantities in order of magnitude. 
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In this case put : 
a—-dh _ dy’—d 
aye oo 
Then s= c(d—d)y?{(d—e)y?—(d—e)} +(y?—-1), 
c=y(s—d) {(6—e)y*—(d—e)} +(y?—1). 
Thus s? and ¢” are expressed by means of two surds 


only, and those of the form (Ay?+B)*, which we have 
already shown how to rationalize. 


§ 92. It is easy to verify, and important to notice, 
we 


that in each case om is a constant multiple of s%¢%. 


§ 93. An expression of the form 
ax* + Ba? + ya" + dxte (=X, say) 


can always be expressed as the product of two real 
quadratic factors by the solution of a cubic equation. 


Hence any expression which is rational in 2 and X 3 
can be rationalized by a substitution such as we have 
just discussed. 

The exceptional case of § 91 need not arise. It will 
not be possible unless the roots of X =0 are all real. 
In that case there will be three ways of resolving X 
into real quadratic factors, and only one of the three 
will lead to the exceptional case. 

If a=0, X becomes a cubic instead of a quartic; 
but by a linear substitution for « of the form 


the expression is made rational in y and Y > where 
3 Y=X(uy tv)’, 
so that Y is a quartic in y having wy+v for one of 


Cd 
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its linear factors. Thus there is no real distinction 
between the cases of the cubic and the quartic. 


§ 94. It must not be supposed that the rationaliz- 
ing of these surds can only be accomplished by the 
particular substitutions which we have used. The 
number of substitutions that might be used is un- 
limited. We have tried to choose the simplest. The 
comparison of the different substitutions that would 
rationalize the same surd or pair of surds belongs to 
the theory of Transformations, which is beyond our 
limits. 


APPLICATION IN THE INTEGRAL CALCULUS. 


§ 95. When an expression has to be integrated which 
contains two surds, each the square root of a quadratic, 
or one surd which is the square root of a quartic, 
linear functions being counted as quadratic and cubic 
functions as quartic, then it follows from what we 
have proved that the integral can be expressed by 
means of the functions sn, en, dn, F, II. 

For the subject of integration can be made a rational 
function of sn w, en u, dn u by a properly chosen sub- 
stitution, and such a function can be integrated as 
explained in Chapter IV. 


GEOMETRICAL APPLICATIONS. 


§$ 96. The elliptic functions have an important use 
in the theory of curves, plane and twisted. This 
depends on the following theorem :— 

The coordinates of any point on a curve whose 
deficiency is 1 can be expressed rationally by means 
of elliptic functions of a single parameter. (Compare 
Salmon, Higher Plane Curves, §§ 44, 366.) 

Suppose the equation to the curve to be U=0, and 
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that it has multiple points of orders, h,, k,..., its 
degree being m. hen the deficiency is 


3(m—1)\m—2)— > shk(k—1), 
and we have Ysh(k—1)=)m(m—3). 


Take a system of curves of the degree m—2, each 
having a point of order k—1, where U=0 has one of 
order k, and passing also through m—2 other fixed 
points on the curve. 

The number of arbitrary coefficients in the equation 
to such a curve is $(m+1)(m—2), and the number of 
conditions assigned is &¥ 4k(k—1)+m—2, that is 
2(m-+1)(m—2)—1. Hence there will be one arbitrary 
coefficient left, and as all the equations to be satisfied 
by the coefficients were linear the equation to any 
curve of the system is S+-)7'=0, Xd being the arbitrary 
coefficient and S, 7’ determinate functions of the co- 
ordinates of the degree m—2, such that S=0, T=0 
are two curves of the system. 

Of the m(m—2) intersections of the curves U=0, 
S+AT=0, Yh(k-1)4+m-—2, that is m?—2m—2, are 
fixed. Thus only two depend on d. Call these P 
and Q. 

Let A be one of the m—2 fixed intersections of 
S+AT’=0 with U=0. Replace A by any other point 
A, taken at random on the curve. Then we have 
another system of curves S,+A,7',=0, whose inter- 
sections with U=0 are all fixed but two. Choose ), 
so that P may be one of these and let Q, be the other. 

Q, will not be the same as Q. For a curve of the 
degree m—2, satisfying all the conditions above 
prescribed for S+)7'=0 except that of passing through 
A, and also passing through both P and Q, will be 
altogether fixed, and all its intersections with U=0 
have been already specified but one. This one is A, 
and therefore it cannot be A, Hence Q, and Q are 
different. 
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The three equations U=0, S+AT=0, 8,+A,7,=0 
will therefore enable us to express the two coordinates 
of P rationally in terms of ), d,, and also to eliminate 
those coordinates and find the relation between 2X 
and ),. 

When 2 is given, there are two possible values for 
\,, found by substituting in —S,/7', the coordinates of 
P and Q respectively. In the same way when X, 1s 
given there are two possible values for X. The 
equation connecting them must then be of the second 
degree in each, and may be written 


\(AN?+ BA+ C)+A,\(Dd?4+ LEA+-F)4 Gr? + AA +1=0. 


This equation may be solved for ),, the only irrational 
element being the square root of a quarticin A. Hence 
this is the only irrational element in the expression of 
the coordinates of P in terms of A, and it may be 
removed by a substitution for \ in terms of elliptic 
functions. 

Thus the theorem is proved. 


§ 97. If the curve is not plane, but twisted, we may 
suppose S+)A7'’=0, S,+A,7, =0 to represent not curves 
but cones, of a degree lower by 2 than that of the 
curve. Take U=0 to be a cone with any vertex 
standing upon the curve and S+A7'=0 a cone with 
the same vertex, and having as a (k—1)?'* edge any 
multiple edge of order k on U=0 and also having 
m —2 fixed edges in common with U=0. 

S,+A,7,=0 may then be a cone drawn in the same 
way with another vertex and we may ensure that Q, 
is not the same as Q as follows :— 

Let the positions of P and @ when \ =0 be F' and G. 
Through #’ and another point draw a cone with the 
vertex that is proposed for S,+),7 =0 and satisfying 
those of the conditions that s, ose qT =() must satisfy 
which are not at our disposal. Take the other m—2 
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simple intersections of this cone with the curve as 
defining the fixed edges of the system S,+),7,=0. 
Then as @ is not the same as H, Q, cannot in general 
be the same as Q. 

The rest of the argument goes on as before, the two 
equations to the eurve taking the place of the single 
equation U=0. 

The deficiency of a twisted curve is thus understood 
to mean that of its projection from an arbitrary point 
upon an arbitrary plane. In general the double points 
of the projection will not all be the projections of 
double points of the curve, but some at least will be 
the intersections with the plane of chords of the curve 
drawn from the vertex of projection. 


§ 98. The simplest examples of curves of the kind 
in question are non-singular plane cubics, and among 
twisted curves the quartics which are the intersections 
of pairs of conicoids, and in particular sphero-conics. 

If \ is the parameter of $96, and w the elliptic 
argument, then it follows from § 92 that the coordinates 
are expressed rationally in terms of A and ae which 
we may call )’, and \” is a rational quartic in A. To 
each value of \ there correspond two values of w and 
two points on the curve the two corresponding values 
of X’ being equal with opposite signs. 


§ 99. It may be proved that if a variable curve of 
any assigned degree meet the curve in points whose 
arguments are W,, Us, ..., Un, then 


U,+Ugt...+Un=a constant. 


For let ¢,=0, ¢,=0 be any two curves of the 
degree assigned. Then we can prove that for the 
intersections of the given curve with ¢,+u¢.=9, 
Yw is independent of p. 


ABEL’S THEOREM. 9] 


In ¢, and ¢, substitute the values of the coordinates 
in terms of uw, and let f,, f, be the results of sub- 
stitution. : 

Then w is given by the equation 


Ait vfe=9, 
du__ (4, , A, 


Now f, and f, are rational functions of \ and 0’, 
so that f,+(f,+4uf,) is also a rational function of 
them, say WA, X’)+x(A, 2’). Its denominator may 
be rationalized by writing it 


WA, X)XO AEX AYO, —Y?). 

Thus since \” is rational in ) we may write 

Je  A+BXN 
fitvh Jae 
A, Bb, C being rational functions of i. 

Let A,, Az, --», An be the roots of the equation C=0, 
corresponding to the values w,, Us, ..., Un- 

Then A/C and B/C may be resolved into partial 
fractions, there being an absolute term in the first 
case because A and C are of the same degree. 

Hence we have an identity of the form 


ts es Pr + Orn” 
Aituh Pot 24 A—Xe 

Now of the two points for which \=X,, only one is 
generally to be taken, suppose that for which \’=),’. 
The left-hand side is therefore finite at the point for 
which \ =X, and \’= —),. 

Making this substitution after multiplication by 
A—A,;, we find p,—q,A, = 0. 


eee fo a : GN’ +Ar) 
Situs Pot > A—X; 
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If, however, the point (\,, —X,’) is one of the inter- 
sections we must have A;=A,, As = —A, corresponding 
to u,, another of the series U,, U., -.-, Un Then the 
equation C=0 has only one root corresponding to 
the two arguments, and there is only one fraction 
(pr+q)/(A—A,) for both. 

But in this case the equation p,—gq,A,; =9 does not 
hold, and we write 


Pr£Qr’ _ Art Pr NAAT 4 Ws + Pr NAG 
A—Ay + ig A—A; ZAs A—A8 : 


so that the final form is the same. 
The identity 


fa ay 4 SUH) 

. =p,+ oe es 
ftuh Pt PY =r, 

being thus proved to exist, we may find the value 

of g, in the usual way, by multiplying by \—A, and 

putting w= u,. 


A—A;) 
Thus ay Postal: naa 
: "hitvss 
nae ce (Os Se 
= value of fA + (G24 Wo), 
when wu, is put for u, 
= —),du,/du. 
That is, g,= —}du,/du. 


Now give wu such a value that \ becomes infinite. 
Then X’ is infinite of a higher order; but as f, and 2 
are of the same degree, f,+(f,+/2) is finite. Thus 


Xqr=0, 
and Ydu,/du=9, 
so that Su, is independent of wu. 
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Giving « the two values 0 and o, we find that 
wu, is the same for the two curves ¢,=0 and ¢,=0. 
But these were taken to be any curves of the assigned 
degree. Hence the theorem is proved. 

It will clearly hold also if the given curve is not 
plane and ¢,=0, ¢,=0 are any surfaces of the same 
degree. 

§ 100. The facts proved in §§ 96-8 may be applied 
to integration. If y is a function of a, and the 
relation connecting them is the equation to a curve 
of deficiency 1, then any rational function of x and y 
may be expressed rationally by means of the functions 
sn, cn, dn of a single variable, and may be integrated 
with respect to « or y by means of these functions 
together with # and II. 


§ 101. Take, for instance, ja — x8) §de. 


Put y=(1—a)', 
so that a 7 = I, 


This is a cubic without singularity, so that the de- 
ficiency is 1. : 


Put e+y=z.* 
Then 2— 3ayz=1, 
Poe 
ee 
4 2 
ie A et ee 


. ° BS 
The radical is therefore (4z— 2)”. 
The real quadratic factors of z+—4z are 
2 2 4 
2(z—2*) and 2242%2+ 2%. 
* Here z takes the place of the \ of $96, and the curves S=0, 7'=0 


are respectively the straight line x+y=0 and the line at infinity, the 
point of intersection of these two being clearly a point on the curve. 
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The roots of the equation 
1.229%, —2e |=0 
9249, 22498 
are 24(-1+,/8). 
Hence we put 
t=(2*2— /3+1)/(2*2+./3+1), 


that is, z= —{t(,/3+1)+(,/3—1)} +24(t—D. 
Then 


(t= 1'(2—2/) = 23, /32+/3){P-(2— /3)} 
(t —1)%(22 + 232 4.28) = 2? 3/2 +1). 
We therefore take 
a. /3-1 
t=(2—,/ B)en(u, “972 ), 
using the substitution II of § 89, since the radical 


is (4¢—24)}, not (zt—42)?. 
Then 


g=2°(,/3—-1)(1+en w)+{1—(2—,/3)en u} 
= 24(14+en u)+{(/34+1)—-(./3—l)en uv}, 
(t—1)2(z— 24) = — 23, /3(2—./3)sn2u, 
(¢—1)(22 + 2324 2%) = 25. 3(2— ,/3)dn2u. 
Thus (t—1)*2(a@—y)?= 2337 (2 — ,/3)’sn’u dn?u, 
2—y = 2°3*(2—,/3)snudnu 
+24 /3—1)(1+en u){1—(2—,/3)en u}. 
= 2'3'sn u dn u 
+ (1+en u){(,/3+1)—(,/3—1)en v}. 
Also aty=25(1 +en w) +{(./3+1) —(,/3—1)en v}. 
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From these equations x and y can be found at once. 


Now if v be written for ja — a3) 8d, we have, since 


e+ y=, 
(ie og d(a+y) 
dv=—3= = fed 

7] afm 


But « @ty= — en u dn u{(,/3£1) +(,/3—1)} 
={(/3+1) - (\/3—1enu}? 
= — 312 §@—y)(a+y), 

so that y=2-* 3% w+ const., 

that is to say, 

| dx Ma Bot, _-iV/3+1) ){a+( 1 a3)8 }—98 
(1—23)3 (/3—1){a+ (1—a3)3} +2 

the modulus being (,/3—1)/2,/2. 


3 + const. 


§ 102. It should be noticed that when «@ is a con- 
stant, the equation connecting sn wu and sn(w+qa) is of 
the same doubly quadratic form as the one found 
between A, A, In § 96. 


For the two values of sn(w+a) when sn wu is given 
are sn(w+qa) and sn(2K—u+a). Their sum is 


2snuenadna+(1—k’sn?u sna), 
and their product is 
(sn? — sn?a) + (1 —k’sn2u sn%a). 
Hence sn?(wu+a){1—k?sn?u sn?a} 
—2sn(wu+a)sn uenadna-+sn?u—sn2a=0, 
that is, k’sn*a sn?u sn?(w +a) —sn?(w+a) —sn2w 
+2sn(u+a)snucnadna+sn2a=0, 
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The same holds for any other of the elliptic functions 
sn, cn, dn, se, ete. 

This suggests another way of integrating Euler’s 
equation (§ 40) which was given by Cauchy. 

Let #(x, y) =0 be an equation of the second degree 
both in a and y, and let 


p(@, y= X yy? +2X yt+X, 
- = Ye?+2Y 7+ Y,. 


O 
Then so =2(Yye + ¥,), 


e) 
5p 7 2Xey +X). 


But since ¢(«, y) =0 we have 
(Yet Y,’=Y,—Y, ¥,= Y, say, 
and (X y+X,)?=X7—X,X, =X, say. 

Hence ¢(z, y)=0 is an integral of the equation 
Xda+ Y~*dy =0, and X and Y are quartics in w 
and y respectively. 

Also if in ¢(a, y) the coefficients of xy and xy? are 
equal, as also those of « and y?, and those of # and y, 
then ¢(x, y) will be symmetrical in w and y, and X 
will be the same function of # that Y is of y. Also 
the number of coefficients in ¢ is still one more than 
the number in X or Y so that if the coefficients of X 
and Y are known, ¢=0 will contain one and only one 
arbitrary constant, and will be the complete primitive. 


§ 103. If in a doubly quadratic equation connecting 
x and y we transform w or y or both by substitutions 
of the form #=(e€+f)/(gé+h), the transformed equa- 
tion is still of the same form in the new variables, 
though with different coefficients. 

Now there are three arbitrary constants in such 
a transformation, and they may be so chosen as 
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to make the transformed equation symmetrical, since 
symmetry is ensured if six coefficients are equal in 
pairs, namely those of xy, x, x to those of wy”, y”, y 
respectively.* 

When the expression has been made symmetrical, 
and y can be rationalized by a substitution for either 
in terms of elliptic functions, the two substitutions 
being of the same form and having the same modulus 
but different arguments. It follows however from the 
differential form of the equation that if w and v are 
the two arguments, 


du=+dv, wtv=a constant, 


Hence transformations on tty ya ots can be 


found such that € and y are the same function (sn, cn, 
dn, se, ete.), with the same modulus, of arguments 


differing by a constant. 


* With the notation of § 102, it may be proved that the anhar- 
monic ratio of the roots of X = 0 is always the same as that of the 
roots of Y=0. 

For, by putting xy = z, ¢(x, y) may be made a quadratic function 
of x, y and z, so that the two equations xy -—z=0, ¢=0 represent a 
twisted quartic curve. The cone standing on this curve whose 
vertex is any point of it will be a cubic cone and the anharmonic 
ratio of the four tangent planes to it drawn through any one of its 
edges is a constant. (Salmon, Higher Plane Curves, § 167.) Thus 
if A, B, C, D are any four points on the curve the four tangent 
planes through AB have the same anharmonic ratio as those through 
BC, and these have the same as those through CD. 

Now let AB, CD be the lines at infinity in the planes x = 0, y= 0 
respectively, these being chords of the curve xy=2z, ¢=0. The 
equations X = 0, Y = 0 represent the two systems of tangent planes 
and the theorem follows. Another proof is given by Salmon (Higher 
Plane Curves, § 270). 

It follows that by a linear transformation of x the roots of X =0 
can be made the same as those of Y=0. This is the transformation 
wanted, for it may be verified that ¢ is symmetrical if the coefficients 
in X are proportional to thosein Y. In carrying out this verification 
it is advisable to suppose X and Y reduced to their canonical form, 
in which the second and fourth terms are wanting. (See Salmon, 
Higher Algebra, § 203.) 

D. E. F G 
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§ 104. This applies to any case in which two para- 
meters are connected by an algebraical relation, such 
that to each value of either there correspond two 
values of the other. There are two or three important 
cases of this which we shall now discuss. 

In the first place, let P, @ be two points on a conic, 
such that the line joining them touches another fixed 
conic. If P is given there are two possible positions 
of Q, one on each of the tangents from P to the other 
conic. The relation between P and Q is reciprocal, and 
the coordinates of each may be expressed rationally 
in terms of a single parameter. Hence the parameters 
of the two points are connected by a doubly quadratic 
equation of the form we have been considering. 

The same may be proved if the tangents at P and 
( are to meet on another fixed conic, or if P and Q are 
to be conjugate points with respect to another fixed 
conic. It is in fact known that these three conditions 
are only the same stated in different ways. 


§ 105. Jacobi has given a full discussion of the case 
when the two conics are circles, into which they can 
always be projected. 

Take any four points A, a, 8, B (Fig. 2),in order on 
a straight line, and on AB, a@ as diameters describe 
circles. Let the centres be Q, O, the radii R, 7, and 
let OO =<. 

Let P, Q be two points on the outer circle, such that 
PQ touches the inner circle at 7. Let P’7’Q’ be a 
consecutive position of P7'Q, meeting it in. U. 

Also write 


6=BAP, ¢=BAQ, 0+d0=BAP’, ¢+dp=BAY. 


Then BOP = 20, 
POP’ =2d6, 
PP’ =2Rd6, 


QY =2Rd¢. 


JACOBI’S CONSTRUCTION. 


The angle PUP =QUQ, 
and the angle PF PQsQCP’. 
Pe OY 
Thus PU~UqQ 
ap dd _ dd 
and in the limit PT= 70 
But P= 0T*=.0T 


= R?+6?+2R6 cos 20 —7?, 
TQ? = R?+6°+2R6d cos 26-7". 


Fig. 2. 


If then we write 
i= 4R6/{(R+6)—1°}, 
sin 0=sn(u, k), 
sin d=sn(v, k), 
we have cos @=cnu, 
cos ¢=cn v, 
PT={(R+6—77}2dn u, 
TQ={(R+6—7?}?dn v. 
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Also cos 0d@=enudnudu, 
d@=dnu du. 
Thus du= dv, 


vV—U=a, a constant. 


§ 106. If now we put €=tan 0, 7=tan¢, the co- 
ordinates of P and @ can be expressed rationally in 
terms of ¢and y respectively, and we can find the 
algebraical relation between € and y that follows from 
the equation v—w=a. 

Take QB as axis of 2, and a perpendicular to it 
from Q as axis of y. Then the equation to PQ is 


x cos(O+ p)+ y sin(8+ @)= FR cos(@— ¢). 
The perpendicular drawn to it from O is 7. Hence 
R cos(0— @)+6 cos(0+ o)=7, 
that is, R+6+(R—d)E=r sec 6 sec ¢, 
(R+6)2+2(R2— 8) én+(B—SPEy? = (1 + 2)(1 9°) 
Putting 7/(R+6)=en(a, kh), 
the value of cos ¢ when @ is 0, we find 
(R—6)/(R+6)=dn(a, k). 
Thus 14 2€y dna+ €y?dn?a =(1+4+ €2)(1 +7*)en7a. 
Solving the quadratic for 7, we find 
_—€dnatsnacna(l+ &2)4(1 + h/2€2)? 


£°k*sn7a — cn*a 


1] 
As was to be expected, this is rationalized by the 
substitution €=sc(w, /), and becomes 


_snuecnwudna sna cna dn wu 
~ — en2u en2a— k2sn2a sn?2u 


snwenudna+tsnacnadnwu 
en2u en2a —k2sn2a sn2u 


so that sc(w+a)= 


p] 
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the lower sign being taken in order that the two sides 
may agree when w=. This is justifiable because a 
was found from its en and dn, and therefore the sign 
of snw is as yet undetermined. 

The equation just found is one of the addition- 
formulae. Others may be written down at once from 
the figure. For instance, 


PT +TQ=2R sin(¢— 9), 
that is, (2+6)sna{dnw+dn v} 
=(h-+6)(1+dn a)(sn v en w—sn uv cn v), 


sn(w+a)enu—snucn(w+u) sna 
dn(w+a)+dn wu ~ 1+dna 


or 


§ 107. When the outer circle and AB, the axis of 
symmetry of the figure, are kept fixed, the quantities 
a and k depend on the position and size of the inner 
circle. It is of some importance to know under what 
circumstances the modulus / will be constant. 


Now k?=4R6/{(R+6)?—77}. 


But if s is the distance from Q of the radical axis of 
the two circles 


s?— Rk? =(s—d)?—7?, 
and 286 = R?+4+ $7", 
so that s=2Rh/k?— BR. 


Hence if the inner circle vary so as always to have 
the same radical axis with the outer, the elliptic 
functions will have the same modulus. The quantity 
a is then the argument belonging to the other end 
of a chord of the outer circle drawn from B to touch 
the inner circle. 


§ 108. An interesting case is that in which the inner 
circle has its radius zero, so that all the tangents to it 
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pass through the inner limiting point of the coaxial 
system. 

In that case cna=0, so that a is an odd multiple 
of K,if real. Let Z be the limiting point. Then if 
PI produced meet the outer circle again in P,, the 
argument u+ belongs to the point P,. 

Thus w+2K belongs to P. It should, however, be 
noticed that when the argument w is increased by 2K 
in this way, @ is increased by 7 only, so that snw 
and enw have signs opposite to those they had before. 
The signs of BP and AP are in fact changed, be- 
cause the positive direction of measurement has been 


changed in each case by a rotation through two right 
angles. 


We have then snw=BP/BA, 
cnu=AP/BA, 
dnu=LP/LB; 

and, travelling along the are PAP,, 
sn(u+K)=BP,/BA, 
en(u+K)=—AP,/BA, 
dn(wu+K)= LP,/LB. 

Now BP,=BAsinBPL=BA sin PBL Xx BL/PL 


=PA.BLIPL, 
Thus sn(u+K)=cd u. 
Also AP, = PB. ALLFL. 
Now AL/BL=dn K=K’. 
Thus en(u+K)= —k'sdu; 
and since PL. LP = Bt. LA, 


dn(u+ K)=k'nd wu. 


§ 109. The coaxial system of circles have a common 
self-polar triangle of which LZ is one angular point, 
the other two being L’ the other limiting point and 
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the point at infinity in a direction perpendicular to 
AB, which we may call J. 

The figure shows that if Z’P and MP meet the 
circle again in P, and P,, the arguments belonging to 
P, and P, are K—w and —vw respectively, for P,P, 
passes through JL. 

But since sc(2.K’—w)=seu, every point on the 
circle has two distinct (that is, not congruent) argu- 
ments belonging to it, and the second arguments 
belonging to P,, P, are respectively congruent to 

2.K’+K+u and 2:Kh’+wu (mod. 2K, 4K’). 

It is now clear that if the inner circle in Jacobi’s 
construction is replaced by a circle of the same coaxial 
sytem, but containing the other limiting point, then 
the quantity a is not purely real but has its imaginary 
part equal to an odd multiple of 2.4” If on the 
other hand a is purely imaginary, its en and dn are 
real, so that the inner circle is to be replaced by a 
real circle of the system, but one which contains the 
original outer circle. 


§ 110. By help of the foregoing we can answer the 
following question: Can a polygon of an assigned 
number of sides be inscribed in one given conic and 
circumscribed to another ? 

Project the two conics into circles as before. Let u 
be the argument of one angular point, w+a that of 
the next, then w+2a will be that of the third, and so 
on, and if the polygon has 7 sides and is closed the 
argument u+na must belong to the first angular 
point. 

Hence w+na=u or 2ck’—wu (nod. 2K, 4K’). 

Suppose first that 

wutna=2k’—u, 
then ut a=2kh’-—u-(n—Il)a, 
w+2a=2.Kh’—u—(n—2)a, ete., 
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so that the second angular point coincides with the 
nth, the third with the (n—1)th, and so on. Thus 
there is no proper polygon in this case. 

If on the other hand we take u+-na=u we find 


a=0 (mod. 2K/n, 4cK’/n). 


This condition does not assign any of the angular 
points, but only shows that unless the two conics are 
related in a particular way the problem has no solu- 
tion. If the conics are so related, that is, if a has one 
of the values included in the formula (27K + 4scK’)/n, 
then the value of w does not matter, and any point on 
the circumscribing conic may be taken as an angular 
point of the polygon. 


ARCS OF CENTRAL CONICS. 


§ 111. It is most likely known to the reader that 
the length of any elliptic are can be expressed in 
terms of the coordinates of its ends by means of the 
elliptic functions sn, en, dn, £, and that it is from this 
fact that the name “ elliptic” arises. 

The ellipse «?/a?+ y?/b?=1 is the locus of the point 
(asnu, benw) for different values of the argument vw. 

If 9 is the length of the arc measured from one end 
of the minor axis (0, b) then S vanishes with w and 


(dS/du) =(a?en?u + b’sn?u)dn?u 
= w?(1 —e’sn?w)dn7u. 
So far we have not assigned the value of k. If we 
take e for its value we have 
dS/du=a dn? 

and S=ak(u, e), 
if c=asn(wU, é), 

y =ben(u, @). 
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This expression holds equally well for the hyperbola, 
but it is not so useful, as the modulus of the elliptic 
functions is then greater than 1 and the point from 
which the ares are measured is imaginary, b being 
imaginary. 


§ 112. In the hyperbola 2?/a?—¥?/b°>=1 we may 
however put 
y=bes\K —u)=Ddh'se u, 
x=ans(K —w)=ade wu. 
so that w vanishes for the point (q, 0). 


If S is the length of the are measured from this 
point we have 


(dS/du)? =(a7ksefu + bk?de?u)ne?u, 
= bk’nctu, 
if a7k? = b?k?, that is k=1/e. 
Thus dS/du=bdknc?u if k=1/e, 
and S=ae{sceudnu+k?u— Lu}. 


§ 113. The equation 
Eu+ Lv — K(w+v)=k'sn uw sn v sn(u+v) 


may be expected to furnish a geometrical theorem 
concerning arcs of a central conic. 

We must first find what geometrical condition is 
expressed by such an equation as u—v=t, connecting 
the arguments wu and v of two points on the ellipse. 
It will be more convenient to put 


Uw=atP, v=a—Z. 
The tangents at u, v are then 


— sn(a + 8)+5 en(a +t 8)=1, 
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“sn a cn B dn B+; cna cn B= 1—k’sn*a sn*B, 


~ sn 8 enadna=)snasn6dnadn§, 
whence x=asna de B, 
y=benanc Bp. 


Kliminating a, we have 
a /a?de?B-+ y?/b*ne?B = 1. 
Kliminating 6, we have, since e is the modulus, 
a?/aesn2a — y?/a2een2a = 1. 
Each of these conics is confocal with the original 


-one. Thus if w+v is constant, the intersection of 
tangents at the points 2, v traces a confocal conic. 


$114. At a point on the tangent at w whose dis- 
tance from the point of contact is z we have 


e-asnu y—-benu_ 2 
acu  —bsnu adnw 
so that w=asnu+zedu=asnu+zsn(ut+Xk), 
y=benut+zen(u+K),. 


It is hence easily found that the lengths of the two 
tangents at (a+) measured to their intersection are 


asec 8 dna dn(at #). 
Call these ¢,, t. Then 
t,+t,= 2asc B dn?a dn B/(1 —/*sn7a sn8), 
t, —t,= —2ae’sn?8 sn a en a dn a/(1 —h’sn?a sn”). 
Now by the addition-formula for the function # 
E(a+ 8)—Ea—EB= —k’sn a sn 6 sn(at 8), 
E(a—8)—Ea+HB= ik’snasn B sn(a—f), 
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and by addition and subtraction 
E(at+ B)+E£(a—B)—2ha 
= —2k?sn?8 sn a cn a dn a/(1 —’sn7a sn?) 
er (t ne t,)/a, 
E(a+8)—- B(a—8)—2EB 
= — 2k’sn?a sn 8 en 8 dn B/(1 — k’sn?a sn?6) 
=(t,+t,)/a—2 se 6 dn B. 
If then a+, a—§ are the arguments of the two 
points P and Q the tangents at which meet in 7’, and 
if B is the point from which the arcs are being 


measured, we have, when 7’ traces a confocal ellipse, 
so that 6 is a real constant, 


are BP — are BQ— TP—TQ=a constant, 
or TP+7Q-—are PQ=a constant ; 


and when 7’ traces a confocal hyperbola, so that a is a 
real constant, 


are BP+are BQ-TP+T7Q=a constant =twice are BR, 


if R is the point of intersection of the hyperbola and 
ellipse between P and Q. Thus 


TP—are RP=TQ—are RQ. 
§ 115. This applies also to the hyperbola, but since 
in that case b is a pure imaginary the relation 
TP+7TQ-—are PQ=a constant 
holds when 7 moves along a confocal hyperbola, and 
TP—are RP=7Q-—are RQ 


when 7 moves along a confocal ellipse. 
For geometrical proofs of these theorems, which 


are due to Dr. Graves, see Salmon’s Conic Sections 
Chap. XIX. 
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It is noticeable that the system of confocal conies is 
the reciprocal of a system of coaxial circles with 
respect to one of the limiting points, so that this case 
is closely connected with that of $$ 107-110. 


A CASE IN SPHERICAL GEOMETRY. 


§ 116. Another case of a doubly quadratic relation 
between two parameters is afforded when an are of a 
great circle moves on a sphere so as always to have 
its two ends on two fixed great circles, its length 
being constant. 

Let PQ, P’Q’ be two consecutive positions of the 
movable arc, OPP’, OQ’Q the two fixed ares (Fig. 3). 


Fig. 3. 


let OP—0. OP’=6+d0, 0Q=¢, 
OV=¢+d¢e, POQ=4, PQ=a. 


Then the integral equation connecting 0 and ¢ is 
cos 0 cos #+cos A sin @ sin  =Cos a. 


To form the differential equation, since PQ =P’Q’, we 
have PP’ cos OPQ= QQ cos OQP in the limit, that is, 


(1—sin®A cosec?a sin’¢)?d0 
+(1—sin?A cosec?a sin’0)*d¢ =(), 
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We may then put 
sin @=snwu, cos@=cnu, cosOQP=dnu, 
sing=snv, cosd=cnv, cosO0PQ=dn v, 
the modulus being sin A cosec a, and we have 
du+dv=0, w+v=constant=w, say. 


Then w is the value of v given by supposing w and 
therefore @ to vanish, so that 


snw=sina, cnw=cosa, dnw=-—cos 4, 
and we have cenw=cnucnv—dnw sn wu sn v, 
that is, en(w+v)=en wen v—sn wsn v dn(u+r). 


This is one of the addition-formulae. 
We have also 


cos 0=cos a cos +sin a sin ¢ cos OQP, 
or en w=en(w+v)jen v+sn(u+v)sn v dn u, 
and = env=cn(u+v)jenut+sn(w+v)sn u dn v. 
These three equations may be solved for 
sn(w+v), cen(w+v), dn(w+v). 


If the modulus is to be real and less than unity and 
w real, we must have A obtuse and a+A greater 
than two right angles. We may then write 


sin O=sn wu, cos @=cn u, 
sing@=sn(w—wU), cospP=cn(w—Y), 


w being a constant. 


§ 117. In this case we have 
dé/du=dnu or du/d@=(1—- k2sin20)?. 


The function @ of w which satisfies this condition and 
vanishes with w was called by Jacobi the amplt- 
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tude of wu, it being the upper limit on the right-hand 
side of the equation 


0 a 
w =| (1 —k?sin?0) “dé. 


0 


It was also customary to write A@ for (1— k2sin26)?. 
Thus snwu, enu, dnw were conceived as the sine, 
cosine and A of the amplitude of wu, and in Jacobi's 
notation were written sinam wu, cosamw, Aam w, the 
amplitude @ being denoted by amu. The shorter 
notation, sn, en, dn, was suggested by Gudermann. 

The function am w is of no importance in the theory 
of elliptic functions, but it sometimes presents itself 
in the applications of the theory. In the case con- 
sidered we may, for instance, write 


d=amu, p=am(w—u). 


APPLICATIONS IN DYNAMICS. THE PENDULUM. 


$118. There are certain problems in dynamics 
whose solution can be expressed by means of elliptic 
functions. The simplest is perhaps that of the motion 
of a pendulum. 

The equation of motion is 


18=—ysin 8, 


where @ is the inclination to the vertical of the plane 
through the axis of suspension and the centre of inertia 
and / is the length of the simple equivalent pendulum. 


A first integral is found by multiplying by 9, it is 
416? = g(x-+cos 0)=g(1+«—2 sin®$6), 
x being a constant. To integrate this put 
6=2am{u, 2%(1+«) 3}, 
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so that sin $9=sn wu, 
cos $0=cn u, 
1+x«—2sin740=(1+x«)dn?u. 
Then Ww =(1+x«)g/2, 
and w=t{(1+x«)g/2l}? + const. 


§ 119. Let A, B be the highest and lowest points of 
the circle described by the centre of inertia of the 
pendulum, P its position at any time, / its distance 
from the fixed horizontal axis, and let 


(1+x«)g/2l=n?. 
Then BP=2hsn nt, 
AP=2hen xt, 


if the time is measured from the moment when P is 
at B. 

If PY is the perpendicular drawn from P to a 
horizontal plane at a distance ch above the axis, that 
is, at the level of zero velocity, we have 


PY =(1+x«)hdn?nt. 


Let BA, produced if necessary, meet this plane in C. 
Then let a circle be described having CY as its radical 
axis with the circle APB. The tangent from P to 


such a circle varies as PY es that is,as dnnt. Hence 
the figure is the same as that in Jacobi’s construction 
(§ 105 above). 


§ 120. The application of the addition-formula will 
then give us the following theorem :— 

The envelope of the line which joins the position of 
the centre of inertia at any time to its position at a 
fixed interval afterwards is a circle of the coaxial 
system which has for radical axis the line of zero 
velocity, and includes the circle described by the 
-centre of inertia. 
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When the pendulum is performing complete re- 
volutions x $1, and the elliptic functions have a 
modulus <1. Thus if the fixed interval is half the 
whole time of revolution, the straight line joing the 
two positions will always pass through a fixed point, 
namely, the inner limiting poimt of the system of 
circles, whose depth below the radical axis is 


h(x? —1)?. 
Further, the envelope of the line joining two variable 
positions of the centre of inertia, which are separated 
by equal intervals of time from any fixed position 


(one before, one after) is a circle of the same coaxial 
system; and if the revolutions are complete, and the 


fixed position is at a depth h(x?— 1)? below the line of 
no velocity, the line always passes through the outer 
limiting point. 

The velocity of the centre of inertia varies as the 
tangent drawn from it to any fixed circle of the 
coaxial system, or in the case of complete revolutions 
as the distance from either limiting point. 


§ 121. In the case when the pendulum oscillates, 
1—x« is positive, so that the modulus of the elliptic 
functions is greater than unity. The expressions may 
be transformed by the usual formulaé; putting g=lm?, 
we have 

BP= 21 + «th sn mt, 
AP=2hdn mt, 


the modulus being now 2-*(1 hay The velocity 
varies as cn mt. 

The general theorems derived above from the 
addition-formula still hold, the system of coaxial 
circles having now real intersections, namely, the 
extreme points reached in the oscillation. The limit- 
ing points are however imaginary, and the line joining - 
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positions separated by an interval of half the period 
is always horizontal, as is also that which joins two 
that are separated by equal intervals from the lowest. 
The coaxial circle, which is the envelope in this case, 
consists of the radical axis and the line at infinity, 
and the tangents to it pass through their intersection. 


MOTION OF A RIGID BODY UNDER NO FORCES. 


§ 122. Another interesting case is that of a rigid 
body in motion under the action of no forces. The 
centre of inertia will then move uniformly in a straight 
line or be at rest, and the motion of the body about 
its centre of inertia will be unaffected by the motion 
of the centre of inertia, which we will therefore 
suppose to be fixed. 

Let ,, @,, w, be the angular velocities of the body 
at any time ¢ about its three principal axes of inertia, 
and let A,B,C be the three corresponding moments 
of inertia, and suppose that they are in descending 
order of magnitude. 

The equations of motion are then 


Ad, = (B— Chasers, 
Bo, =(C — A)oxo,, 
Co, =(A — B)w, 0s. 
The form of these suggests a substitution 
w,=acngt, wo,=—Psngt, w,=ydndt, 


since the sign of C—A is negative and opposite to 
those of B—C, A—B. 
Making the substitution we have 


Aqa=(B—CO)By, 
— BqB=(C—A)ya, 
Cgyk?=(A —B)af. 
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Ad ae BE _ Cy"? _ aBy 
POPP ROO Ac a one 


The equations are therefore satisfied if 


0 =) (B= Ven q(t—ty), 


=", say. 


{Ane 
w= —i( B -) sn g(t—t,), 
ss/A um BS 
w= 4 (=A) dn q(t—t,), 
; ao a oe 4 
where g=i{ de B } 


and the arbitrary constants of integration are y, the 
modulus /, and fp. 

The following two important equations are easily 
found either from the equations of motion or the 
integrals :— 

Aw,? + Bo? +Co? =j(A —k?B—I?C)/k? = 7, say, 
A2w 2+ Ba? + Co? =7(PAB+k?A C-BC)/i?=G", say. 


§ 123. Suppose now that (/, m, 7) are the direction- 
cosines of a straight line fixed in space. We then find 
l= me, — Nw», 

M=Nw, —lws, 

R=lw, —Mw,, 
and @,, @, @3, are now known functions of ¢. If these 
equations can be integrated the problem is completely 
solved. 

The equations give 
lit+mi+nir=0, 

and therefore (-+m?+7?=constant. 
The value of this constant is known to be 1. 
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Also Aw,!+ Bo,m + Cogir 
=1(C— B)o,o,+ m(A —C)o,o, + 2(B— A)w,0, 
= — Alw, — Bmw, — Cnas. 
Hence Alo,+Bme,+ Crw,=K, a constant. 
This equation expresses that the line (J, m, 7) makes 
a constant angle with that whose direction-cosines are 
(Aw,/G, Bwo,/G, Cw,/G) and shows therefore that this 


latter is fixed in space. It is easily found that the 
equations are actually satisfied if 


L= Aw,/G, m= Bo,/G, n= Co,/G. 


§$ 124. We may now simplify the problem by sup- 
posing the line (/, m, n) to be perpendicular to this 
known fixed line, that is by putting K =0. 

Let (A, uw, v) be the direction-cosines of another line 
perpendicular both to (/, m,n) and to 


(Aw,/G, Bw,/G, Co,/@), 
so that Gr = Cmw, — Bnrw,, ete. 
Then since (A, u, v) is also fixed in space we have 


rv aa M@: pore, VW, 


and Ik —AL=(lu—AM)w, — (ly —AN)w, 

= —(Bw,? + Co,*)/G 

= —(T— Aw,”)/G. pies 
Also 24+ 24 A%w?/G?=1. : a 
Hence : arctan l/\ = G(T — Aw,”)/(G?— A?w,”). 

Thus t=) tan v, 

? _ (G(T — Aa,?) 
if v =| @— AX? dt. 


This integral can be expressed in terms of the 
function II, for the subject of integration is a known 
function of ¢. 
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Then J, m,n are given by the equations 


A lw, + Binw, + Cros of), 
Gl cot v—Cmw,+ Biiw, = 0, 


P+n?+rv7=1, 
a l Ae m 
Boe + C2w,” CUGa,cot v — A Bows, 
we % 
= BGw,cot v— ACw,0, 
1 


G cosee v( Bw,” + 02,2) 
To find \, uw, v we need only change v into ee 


in these expressions. 

Referred to the three fixed axes, the direction- 
cosines of the principal axis of greatest moment are 
(Aw,/G, l, X), those of the mean axis (Bo,/G, m, u), 
and those of the third principal axis (Co,/G, 7, v). 
Hence the orientation of the body is completely 
determined at any time. 

The actual value of v is found to be 


Vo t G(t—t))/C+ Al {q(t—ty), a} 
if sna=.{A(B—0)/O(A —B)}}, 


the values of ena, dna being both positive, as well 
as that of —i:sna. wv, is the value of v when t=%), 
and it varies according as different straight lines in 
the “Invariable Plane” are considered. « is a purely 
imaginary constant depending on the nature of the 
rigid body. k& may be any real quantity. If it is 
numerically greater than unity the formulae may be 
reduced by the usual transformation to others in which 
the modulus is less than unity. 

The values of arctan m/u and arctan n/y might have 
been found in terms of II functions instead of that of 
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arctan l/X; the formulae thus found must however 
reduce to those we have by means of the formula for 
addition of parameters in the function II. 

A further discussion of the motion, with references, 
may be found in Routh’s Advanced Rigid Dynamics 
(Chap. IV.). 
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§ 125. The potential of a solid homogeneous ellipsoid 
at any point may also be conveniently expressed in 
terms of elliptic functions. 

The expressions 


a? = aa?a’?/(a2—b2\(a2 — 02), 
y? aa b? bb’? /(b? aoe c*)(b? ae a’), 
2* = ¢7 ¢? ¢2/(c? — a?)(c? —b?), 
for the coordinates of any point in terms of the semi- 
axes of the three conicoids of a confocal system that 
pass through it, suggest that we make a, y, z constant 
multiples of S, C, D respectively where 
S=sn U,8n U,8N Us = 8, 8, 83, SAY, 
C= cn U, CD Uy CN Ug = C1 Cy Co; 
D=dnu, dnu, dnu,=d,d,d,. 
Since k*s,*3,° — k®c2c,2-+ d2d2 = k?, 
we have kkS?/s,?—k?C?/¢,2+ D?/dZ=k?, 
where r=1, 2 or 3. This equation is the relation that 
connects S, C, D when u, is a constant. 
If then we put 
Het eS, y=l eC, 2=1..D, 


/ being any constant, the locus of (a, y, z) when w, is 
a constant will be a conicoid whose semi-axes are the 
square roots of 


P2ks,2, —Pkeh%,2, —Pk?d,2 
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The differences of these quantities are constants, so 
that the different conicoids are all confocal. 


§ 126. For an ellipsoid the imaginary part of u, 
must be an odd multiple of «A”% It will be more 
convenient to have u, real in this case; we therefore 
put u,+ cK’ for u, throughout, and we have 


e=lk'/kS, yo=l.cD/kS,- z=—1l.C/S, 
the squares of the semi-axes being now 
Petes Cras, Cee tle? 


When wu, is constant and real, we now have an 
ellipsoid, when its real part is an odd multiple of 
a hyperboloid of one sheet, and when its imaginary 
part is an odd multiple of «A’’ a hyperboloid of two 
sheets. In other cases the surface u,=constant is 
imaginary. 

Since then one surface of each kind passes through 
any point, we may suppose w,, (u,—K), uz—ck’ to 
be all real. 

The semi-axes of the focal ellipse are found, by 
putting w,=K, to be lk’ and lk”; and, as / and i’ are 
arbitrary, these may be made equal to any lengths 
whatever, so that any system of confocals whatever 
may be represented in this way. 


§ 127. We must now transform the equation V?V=0, 
that is, 
al Meise deg & 
Gat T Oy? Oat — 
Now, in the first place, if V is expressed in terms 


of S, C, D, 


OV OV OV OV. 
or Bg titi8o8 8,0, Col, — <ph"8, 6, das, 


0. 


rs” OC) oD 
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ee CV read OV 
eg Cy 7285783" + —H58,"d,7C,7C." + Ks, "c,"d-7d.” 
ou? OS? 1 2 3. O02 4 1°23 3 aD? ee ee es 


- Sacra 5 i oe 2ragt C478, 018,87, 
eV 
— 22 55¢ Sapte 81682028303 — : OS ee (d,? +- 2 Cy a) 
Oy 


ue: Sree Ay ety) od ydade? — 8’), 


with symmetrical expressions for 0?V/du,?, 0? V/ou.”. 
Thus 


(8,?—8,”)0" V/Ou,? + (8,?—8,7)0" V /Ou.” + (8,2—-8,”)0" V/du,? 
= — (8_" — 85”)(8.” — 8")(8," — 8”) 
x [0?V /oS? + ko? V /oC? — kk*0? VoD", 
all the other terms disappearing. 
If then we put #=U7K'S, y=1k?C, z=lD, we have 
— (8,”— 8,7)(8," — 8,"\(3,? — 8," )Pk*k?V?V 
= (8)’— 8") V/ou,? 
+(s,2—3s,7)o? V/ou,? + (8,2 8,7)? V/ou.?. 
If now we change 2, into u,+ck’, this becomes 
— (8, — 8,”)(83? — 8,7)(8,? — 8,?)P?k?V? V + 8,78,78," 
= 8,7(8,”—s,”)0? V/ou,? 
+ 8,7(8.7 — 8,7)0? V/du,? + 8,°(8,? — 8,7)0? V/du,?. 
The equation V?V =0 is therefore to be replaced by 
8,°(8,” — 8,")O°V/ou,? 
+ 8,7(8,?— 8,7)0? V/Ow,? + 8,°(8,? — 8,7)0? V/ou,? = 0. 
§ 128. Now it is known that the equipotential sur- 
faces of a thin homogeneous homoeoid (shell bounded 
by two similar, similarly situated and concentric 


ellipsoids) are the confocal ellipsoids that lie outside 
it, that is, the surfaces represented by w,=constant 
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if our confocal system is that to which the surface of 
the shell belongs. 

If V is the value of the potential it is a function of 
u, only, satisfying the equation just written, which 
now becomes 

eV /ou,?=0 


Hence V=Qu,+f, Q and & being constants. 


Now V vanishes at infinity and at very distant 
points is in a ratio of equality to M/r where M is the 
mass of the shell and r the distance of the point from 
the centre. 

Also at infinity u,=0, and for small values of w, 
the surfaces may be regarded as spheres of radius lh’/s,. 
Hence when w, is small we have 


Ms, /lk’ =Qu,+R, 


that is, R=0, Q=MIk’. 
The potential of the homoeoidal shell is therefore 
Mu, |lk’. 


§ 129. If now we have a homogeneous solid ellipsoid 
whose semi-axes in descending order of magnitude are 
a, b,c and whose density is p, it may be divided up 
into thin homoeoidal shells, to each of which the fore- 
going will apply. ‘To get the different shells we need 
only Je aoe / to vary in the above expression from 


0 to 7, 


the constant value of wu, for the outside surface referred 
to its own system of confocals. 

The sum of the volumes of all the shells mp to any 
value of l is 


sn v,, its value for the outside surface, v, being 


47k? en v,dn v,/sn°v,, 
so that we substitute for M the expression 
A pl?dl . ken v,dn v,/sn?v,, 
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which is the differential of this with respect to / 
multiplied by p. The potential of the solid ellipsoid at 
an external point is therefore 


eene VY 


2 
Act pk’ > v,dn v, ud dl, 
sn3v, 
0 


and u, is given as a function of J by the equation 
x’sn?u, + y*sd?u, + 2*scUu, = 7k, 
(x, y, 2) being the coordinates of the external point. 
We find at once 
k’?l dl =(x?s,c,d, + y’s,¢,/d,?+ 2’s,d,/c,?)du,. 

Thus if now we write wu, for the value of wu, at 
(x, y, Z) in the system of confocals to which the outside 
surface belongs we have for the potential 


4p en v,dn v, (“4 
Pp : = ‘| u{e*+y*ndtu+ 2netu}snuenudnudu 
n 
EE 


_27p cn Vv, dn V; 
sn°v, 


— fe (a?sn?u + y?sd?u + Aseeu)du |, 
0 


lu, (x*sn?u, + y’sd?u, + 2sc72,) 


Also by definition of w,, 
a*sn*u,+ _ cs 2*sc"u, = a*snv,, 


ru, 
and sn?u du=-=4 7 tu, 


a Ae 


ba 1 snu.cenu, WU 
sd2u du = 1 i 


i dane, OR 


1 snu,dnu, 1 
seu du= “3 1} ply 
a k? cen Uy, 
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Hence the potential 
_ 2rpcnv,dn v, 
So ae, 


| u,{arsn?n, (a y?)/R2} 


sn U, 
ken u,dn u, 


4 “2 a (h’%e2 — y? 4 iat) | 


(yP2ean2 2d y2 
(y’cn*u, — 2°dn7u,) 


Here k? = (a? —b*)/(a? —c?), 
W= Ua? —2 

dn v,=b/a, 

cn v, =c/a, 


sn v, =(a— c/a, 


and w, is the least real positive argument that satisfies 
the equation 


x’sn?u, + y’sd?u,+2seu, = — 0. 


If the point (a, y, z) lies on the outer surface, we 
have u,=2, 


§$ 130. If the point (x, y, z) lies inside the ellipsoid, 
the above formula ceases to hold. We may however 
describe through (x, y, z) a similar, similarly situated 
and concentric surface, and use the above expression 
for the volume contained. 

If Xa, Ab, Ae are the semi-axes of this one, its 
potential i 18 


27p cn v,dn v, 
sn%v, 


E {\?a?sn2v, — (a? — y?)/k?} 


4 sn v, 
ken v,dn v, 


+ irk ego) 24 ket) |. 


(y?en?v, — 2°dnv,) 
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We have then to deal with the outer shell. This 
may be divided into thin homoeoids as before. The 
potential of each is ie same at all points inside it, 
and equal to 


Aq pl dl. k?v,en v,dn v,/sn3v,. 


This is to be integrated with respect to / between the 

limits Aasnv,/k’ and asnv,/k’, and added to the 

potential of the inner part. | 
The integral is 


27 pa*(1—X?). ven v,dn v,/sn v,, 
and the potential of the whole ellipsoid at an internal 
point (a, y, z) is found to be 
| v{a%sn, — (a? — y?)/k?} 


4 
ken v,dn v, 


27 p en v,dn V, 
sn°v, 


(7;2an2 24 n2 
(y’cn?v, — 27dn7v,) 


LY, 11, 
+7 alk at — 9 +h) |. 
The expression is the same as for an external point, 


but that the constant v, takes the place of the 
variable w,. 


EXAMPLES ON CHAPTER X. 


1. Prove that @ — 2x?cos 2a tat) can be rationalized 
by putting 


a+ = 2ns(2w, cosa), 


and that then a — 2 es(2u, cos a), 
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3 


G — 2 cos 2a+-,) = 2 ds(2u, cos a), 


U= \¢ 1 — 2x?cos 2a+ xt) *da. 
} 7 

2. Discuss the spherical figure of §116 in the case 

lng sin A> sin a and show that in that case we may 
pu 
. sin OPQ=sn(u, sin a cosec A), 
sin OQ@P =sn(w—u, sin a cosec A), 

where 7—-A=am w. 


3. If cosA@=cosBdnu, tan o= sc U, 

sin 6 
where cos a=/’ cos 8, prove that the point whose polar 
coordinates are (i, 0, ¢), & being a constant, traces a 
sphero-conic whose semi-axes are a, 8 and that the 
area of a central sector of this sphero-conic is 


: : dn wu du 
2 coasted inaheaatooe 
R?sin a sin al Eaceans 
4. Prove that the chord joining the points w+a on 
this sphero-conice touches the sphero-conic whose equa- 
tion 1s 
cot?é en2a = cot?8 dn2a cos*¢ + cot?a sin’*¢, 


and that this has the same cyclic ares as the former 
one. 


5. Show that the sector bounded by the semi- 
diameters to the points wu+a differs from 
dn w(sn?a + en2a cos?3)+dn a cos 8 


2 Rarctan 
sna@ecna sina sin 


by a quantity independent of w. 
Prove also that the area of the spherical triangle 
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formed by these two semi-diameters and the chord 
joining the points w+ a is 

sina sin8sna@cnadnwu 
1 —sn?a sin?a+dn wu dna cos fp’ 


and that the area of the segment cut off by this chord 
is independent of w. 


6. In the same sphero-conic 
(cot?@ = cot?a sin’ + cot?B cos’) — 
prove that by the substitution 
tan ¢=tan a cot § sin a cosec B es(u, hk), 
where k’ =sin B cosec a, 


2 R?arctan 


the expression for the arc is reduced to 


# tan a tan § sin | as 


tan?@ sn?u-+ tan2a en?w 


7. Prove that at the intersection of tangents to this 
sphero-conic at the points w+ a (as in Ex. 6, not Ex. 3) 


cot@ _cotasing cotcos¢d 
enadnwu dnacnu k’isn w 


and that as w varies this point traces the confocal 
sphero-conic 
cot ne*u = cota sin’¢ nd?a + cot?8 cos*¢. 
8. The length of the tangent at w+qa in the last 
example is 
tan a tan 8 sna sin 8 


re een tana enwen(u+a)dna+tan28 snu sn(u+a) 


Find the differential coefficient of this expression with 
respect to w in the form 


R tan a tan 8 sin B 4 its : 


a cn(w+a)+tan?6 sn({u+a) 


1 
~ tan2a en2u+tan28 =n | 
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and prove that the sum of the two tangents exceeds 
the intercepted are by a quantity independent of w. 

(Compare Salmon, Geometry of Three Dimensions, 
§ 252.) 


9. Verify that when 


sn7u tan?3 + cn?u tan*a=0, 
then 
l 


1 
sn u= +7 cos 8, cnu= + sin B cot a, dnw=+sin B, 


and the above expression for the length of the tangent 
becomes F# arctan £.. 


10. Prove that the following equations give the 
motion of a heavy particle constrained to move on a 
fixed smooth spherical surface :— 


cos 8 =cos a sn?wt + cos 6 cnt, 
ewe du 


e= in sin*}q sn?w+sin?38 cn*u 


poet du 


cos*da sn?u+cos"$6 en2u 


-t- 

) 
where @ is the angular distance of the particle from 
the lowest point, a, 6 are the greatest and least 
values taken by @ during the motion, ¢ is the angle 
made by the vertical plane through the centre and 
the particle at time ¢ with its initial position, ¢ being 
measured from a time when 0=£,/ is the radius of 
the sphere, and 


k? =(cos?B — cos?a)/(1 + cos?B + 2 cos a cos 8), 


a 7 B—cos ae 


n? = 4 sin2a sin?8/(1+cos’?8 + 2 cos a cos §). 
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11. Reduce the above value of ¢ to the form 


n{ot cosec”B + {sc a cosec $a cosec $611 (wt, a) 
+41se b sec ta sec $811 (wt, b)}, 
where dn a=sin $ a/sin $8, 
dn b=cos $a/cos $8. 
What is the general character of the motion ? 


12. On a curve of deficiency 1 and degree n, the 
sum of the arguments of its intersections with a curve 
of degree m is co. Show that if n >3 the fact of the 
sum of the arguments of mn points on the curve 
‘being o does not ensure that the points lhe on an m*, 
but that if 7=3 this condition is enough. 

13. If the curve of intersection of two conicoids is 
projected from any point of itself on any plane, the 
projections will all be projections of the same plane 
cubic. 

[The anharmonic ratio of the four tangents drawn 
to any of the cubics from a point on itself is the same 
for all. It may be expressed as a function of the 
elliptic modulus. | 

14. Verify that the expressions found (§§ 129, 130) 
for the potential of an ellipsoid satisfy Laplace’s and 
Poisson’s equations, and find the components of the 
attraction at any point. 

15. In Jacobi’s coaxial circle figure (Fig. 2, § 105), 
prove that when a=cK’, O is at B, and when 
a=K+ cK’, at A. In general when O lies between 
Land L’, so that the variable circle is imaginary, the 
real part of a is an odd multiple of K. 

16. The arguments of the circular points at infinity 
are +.:K’, and of the other common points of the 
coaxial system K +ck’. 

17. If l, m, v are in descending order of magnitude 
show that the two ends of a chord of the circle 
a?+y?=m? which touches the ellipse 2?/l?+y?/n?=1 
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have for their coordinates km sn(wt+a), mdn(w+a), 
where 

2 2_ m2 
ee) ma=s, dna=™, 


— 
mM 


~~ m2 —n?y 
and w is a variable parameter. 

18. If «+cy=sn(u+.v), the points on the curves 
u=const., v=const. at which the tangents are parallel 
to the axes of coordinates, lie either on one of those 
axes or on a rectangular hyperbola whose axes they 


are. (See Appendix A.) 
19. If 


etry =sn*(w+iv) 
or en(w+wv) or dn%(u+iv) or e(u+vr), 


the curves w=const., v=const. are confocal Cartesian 
ovals, and for one value of each the oval becomes a 
circle. Distinguish between the outer and inner ovals. 
(Greenhill. ) 

20. Examine the curves w=const., v=const. when 

x+ey=sn(u+iv)de(u+w). 

[The distances of the point («, y) from the points 
(+k, +h’) are found to satisfy two linear relations. 
Hence the curves are bicircular quartics having these 
points for foci. In the particular cases when w= +3K, 
or v= +1K’ they become arcs of the circle «?+y?=1.] 


APPENDIX A. 


THE GRAPHICAL REPRESENTATION OF 
ELLIPTIC FUNCTIONS. 


§ 131. The nature of the elliptic functions unfits 
them for representation by a linear graph as in the 
case of functions of a real variable. We may however 
get some idea of their variations by means of Argand’s 
Diagram. 

Let x+cy=sn(w+iv), 

x, y, U, v being real, and let us examine the curves 
uw =constant, v=constant ; we need not consider values 
of wu outside the limits +2 or of v outside +k’. 

Call the point (x, y)P and the points (1, 0), (—1, 0), 
(1/k, 0), (—1/k, 0), A, B, C, D respectively. Then 

AP? ={1—sn(w+v)}{1—sn(u—ww)} 
=(en w—dnwv sn u)/(1—k’sn?u sn*v), 
BP? =(eniv+dnw sn u)?/(1 —k’sn?u sn*v), 
CP? = {1—ksn(u+vwv)} {1-—ksn(u—w)} 
=(dniw—kenw sn u)?/(1—k’sn?u sn’uv), 
MDP? =(dnw+hk enw sn u)/(1 —k’sn?u sn). 
BP—AP BP+AP DP—CP_kDP+CP) 


dnivsnu cnw  enivsnu  dnvw 
D. E. F. yt 


Hence 
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Thus the locus when v is a constant is given by 
BP—AP=(DP—CP)dew, 

or the equivalent 
BP+AP=k(DP+CP)cd w. 

The locus when w is a constant is given by 
BP—AP=k(DP+CP)sn u, 

or BP+AP= (DP—CP)ns u. 


The curves in each case are bicircular quartics having 
A, B, CU, D tor foci. They are symmetrical about both 
axes. 

The curves v=const. are found to be a series of 
ovals enclosing the points (+1, 0) but not the points 


(+7, 0) 


The ends of the axes of these ovals are the points 
(tediv,0) and (0, tcsniv). 


When v is indefinitely diminished the oval shrinks up 
into the straight line between A and b. As v increases 
in magnitude irrespective of sign the oval swells out. 
The points on the axis of # are points of undulation 
when 2 ecd%v=1+1/k?, and for greater values the oval 
swells out above and below the axis of a, and is 
narrowest at the axis. In the limit when v= +X’, it 
becomes the part of the axis of « beyond (+1/k, 0), 
together with the line at infinity. 

The curves u=const. consist each of a pair of ovals, 
one enclosing the points (1, 0)(1/k, 0) the other the 
points (—1, 0)(—1/k, 0). Each of these cuts each of 
the curves v=const. orthogonally. 

Of the two ovals, the one on the positive side of the 
axis of y belongs to the values uw and 2 —w (wu being 
positive) and the other to the values —u and —2K+u. 
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When w= +X the corresponding oval shrinks into 
the straight line between (+1, 0) and (+1/k, 0), the 
upper or lower sign being taken throughout. When 
u=0 the oval swells out until it becomes the axis of 
y with the line at infinity. 

The curve v=4K’ is the circle whose centre is the 


origin and radius ke, 


$132. Since 
dn(wu +, k)=k’sn(v —1u+ K’—-cK, kr’), 
the figures for the function dn will be of the same 
general nature as those for sn. The foci 


(+1, 0)(£1/k, 0) 
are replaced by (+4, 0)( +1, 0) 
respectively, and the single central ovals are now the 


curves «=const., the pairs of ovals belonging to the 
system v=const. The curve u=}K is a circle of 


radius K’?. 
In the case of the function cn the figures are 
different. 
Putting e+.y=cn(u+v), we have 
“x=cen wu en vv/(1 —k? sn?u sn*iv), 
y=c.snwusniv dnwu dniv/(1—k? sn?u sn7iv). 


The curves w=const., v=const. are still bicircular 
quartics but the four real foci are not collinear. They 
are the points (+1, 0)(0, +k’/k), each of these pairs 
being collinear with the antipoints of the other.* 

Each of the curves consists of a single oval. The 
curves u=const. enclose the foci (0, +k’/k) and not 
(+1,0). The curve uw=0 consists of the parts of the 
axis of « beyond the points (+ 1,0), the curve w= +K 


* This may be compared with § 131 by means of the formula 
en(u, k)=sn(k’K —k’u, k/k’), 
which follows from equations (20) of § 26. 
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of the line between the points (0, +k’/k). As wu de- 
creases numerically from + to 0, or increases from 
+K to +2K, the oval swells out. It has points of 
undulation on the axis of « when 


2en’w=1—h2/k2 if >h?. 


When cn’u is greater than the value thus given the 
oval is shaped rather like a dumb-bell, and the two 
ends of it expand to infinity as wu diminishes to 0 or 
increases numerically to +2K. 

Since 


ken(u+.v, k)= —tk’en(v—iu+ kK’ —K, k’), 


the general form of the curves w=const., v=const. is 
the same if one set is turned through a right angle. 
There will be points of undulation on one of the 
curves v=const. if k?>k?, that is if there are not on 
any of the curves w= const. 


§ 133. These bicircular quartics are shown in figures 
4a, 5a, 6a, for sn, en, dn respectively. They have been 
drawn to scale with some care for the value ,/2—1 of k, 
and for values of w and v which are successive multiples 
of 4K and {K’ respectively. 

In each case the curves w=const. are drawn thick, 
and the curves v=const. thin. The figures 4), 5b, 6b 
show on the same scale the corresponding variations 
in the argument, corresponding lines in the two figures 
being numbered alike. Only one period-parallelogram 
has been drawn for each function. In each case the 
centre is at the origin. 

The figures 4b, 5b, 6b are reproduced on a smaller 
scale as 4c, 5c, 6¢ the parallelograms being divided 
into the regions that correspond respectively to the 
four quadrants in 4a, 5a, 6a. 

In figure 6a the curves v=0, v= +}h’, v= +4LK’, 
v= +2K’ are too small to be shown. 
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APPENDIX B. 


HISTORY OF THE NOTATION OF THE SUBJECT. 


$134. The notation used by Legendre was as 
follows :—* 


0 
F(k, 0)=| A- k2sin20) 20, 
0 
0 t 
Ek, 0)=)\ (1—k’sin?0)°dé, 
0 


F(k, 42) =F (hk), E(k, }r) = E(k), 


g 1 
II(k, n, 0) =| (1—/*sin?0) *d6/(1+ 7 sin’6), 
0 
Ad =(1—/2sin26)3, 


Jacobi and Abel proposed to take F(k, @) as the 
independent variable. Putting wu for this, Jacobi 
called @ the amplitude of wu, or shortly amu. Then 
sin 6, cos 8, AO were the sine, cosine, and A of the 
amplitude of w, or as he wrote them, 


sinamwu, cosamu, Aamu. 


* The expressions F(k, 0), H(k, 0), Ii(k, n, 0), were called the First, 
Second, and Third Elliptic Integrals respectively. 
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He used the symbol coamw for am(—vw), and also 
tan am w, sin coam w, ete. 

He changed the meaning of the symbols £, II to 
those we have given (Chap. V.), and also brought in 
the function Z. 

It was proposed by Gudermann to write sn, en, dn 
for sinam, cosam, Aam, and the notation se, ed, ete., 
was introduced by Dr. Glaisher. Sometimes tn is 
written for sc, ctn for cs. The function gd (see § 75, 
note) is the amplitude, the modulus being unity. For 
the notation of Weierstrass see Chap. VII. 

In the further development of the subject other 
symbols are wanted. Jacobi used the Greek capitals 
© and H; the functions Ou, Hw may be defined as- 
follows :— 


0u= exp(| Ze dv), 
Hu=,/k.Ow.sn wu. 


The arbitrary constant in the value of 9 is not 
determined until a later stage. 

Some of the properties of the function Ow have been 
suggested in the examples to Chapter VI. 


MISCELLANEOUS EXAMPLES 
(FROM EXAMINATION PAPERS). 


1. Prove that 


| Sar a eae ay 
sd(x + y)sd(a — y) = TPR ade sy’ 
_sdaenaz—sdycny 
ny Ad gamete ree eee PSE 
2. Show that 
_enacnB—en(a+f) dnadn B —dn(a + B) 
snasn PB = dn(a+ B) pies ken(a + B) ‘ 


3. Two sets of orthogonal curves (Cartesian ovals) being 
defined by the equation 


a+ =sn?{h(ut+u), k}, 

show that the polar coordinates of any point (u, v) are 
given by 

—en(u, k)+dn(u, k)dn(v, k’) 

dn(u, k)—en(u, k)dn(v, k’) ’ 

k’2sn(u, k)sn(v, k’) : 
dn(u, k) — en(u, k)dn(v, k’y : ele 
TB aati 


cos 6 = 


sin 0 = 


L—en(u, ken(v,#’) bug — Ce 


"=dn@, &)+dn(u, ken, FY ~ auor oe 
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4, Prove that the functions 


(csucd ucnu—k?sc usd wsn u)? 
and (dsudeudn u+k?k'*sc usd wsn wu)? 


have periods K and cK’. 


a ay o— *D 
: : i] aye = 


€ 


where a, b, c are positive quantities in descending order of 
magnitude, then 


esn?u =a cn*u—¢, 
the modulus being {(a--b)/(a—c)}?. 
~“ 6. Show that 
ksn $(u, + Ug + Ug + Uy)sn $(U, + Uy — Uz — Uy) 
x 8 $(u, — Uy + Us — Uy)SN $(Uy, — Uy — Ug + U4) 


— 2 ie ee = We Ae fe 


= Sy pny Ay AL a A i ‘- 
ddoded, k Cy lo l304 kek 81898984 +k prockscel™ | 


7. Show that the form assumed by a uniform chain of 
given length whose ends are at two fixed points is re- 
presented by the equation 


k’*y = 2kb sn at cs 


when its moment of inertia about the axis of z has a 
stationary value. 


8. Prove that 
en(Bb — C)sn(C — 4)+dn(B- C)sn(4 — B) 
+sn(B- C)en(C— A)dn(4 - B) =0. 
9. Verify that 
{1 — k*sn*(c + d)sn*(a — b)} {1 — k’sn?(a + b)sn7(e — d)} 
{1 - #’sn?(a + 6)sn?(a — 6)} {1 — k’sn?(¢ + d)sn*(c — d)} 
is a symmetric function of a, 0, ¢, d. 
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10. Prove that 
os Ly _a@—-l+hs 1 +ks? 
uk? sn(u+ 30K") = 1 + ks? cd +uU1+k)s 
_ ad —ckse | ¢ — isd 
~ e+usd = d+uksc 


where s, ¢, d denote sn u, env, dn w respectively. 
11. Prove that 
D-ukS C-wW 
—ksn? Ley ee 
EE 1 ae Ba ag 
C-kD-k?S = D-kC 
D-kC . C-kD+h'°S 


where S=sn2u, C=cn2u, D=dn 2u. 


12. If x,, denote sc(u, — u,)es(u +u,) then 
Ug pol gg 9VoXa, + Uqy®og + Uyolgy + Wyg%o = V. 
13. If k?= -w (where o?++1=0) then 
1—sn(w—?)w 1- ae -- al 
1+sn(w—o?)u 1+snu\l+osnu/ ° 
14. If Qu = 9u + P(U+ w) — Ga, 
then (Q'u)?=4Q8u + 4(g, — 1592w)Qu — 149, — 229.. 


15. Evaluate [(ou—ovydu and express (eu — goy-%du 


in terms of [ou go)-M 


16. Find [nd due 
Prove that 
/3\dntu du =2(1+k?)Lu+k’sn u en u dn u — ku, 


i? [sn udu = H(iu+ K+K')+deu, 
f Jjl+snu 
ee L+k 


La) =|l0¢ - 
s 2k) snudu log — 
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17. Show that “<#o-~ /5 


Ge ee : P 
vy/| logsnudu=-4cK’-1Klogh, »"' 
0 
Ci 


~ | logenudu= i teK 44K los” | ee 


j iol 
0 
ae : 
~\ logdnudu=iKlogk. ~< %% 
0 eee ~ leq Cas 
(In the first put am u= 6 and expand in powers of k.) 
18. Prove the formulae leer t&ED . 
S , 2k’ 
log(1 - k?sn*u)du= —4i07K 2 


“log(1 + dn u)du=47K’' + 3K log hk. 


0 
19. Prove that 
II(u, a) + II(v, a) — (w+ 2, a) 


=}lo {1 — k’sn?(w + a)sn°(v + a)} {1 — f’sn2a sn2(u +0 —a)} 
: {1 — k’sn?(u — a)sn*(v — a) } {1 — k’sn?a sn2(ut+v+a)} 


K 
20. Expand | sn”udu in ascending powers of /?; and 
0 
thence, or otherwise, prove that 


d sn” u 
in) sn"u du= ae qi du. 


(Compare Ex. 12, Chap. IX.) 


21. In Weierstrass’ notation, if J is the absolute invariant 
* as given by the equations 
J-1.*/J. J 


Woe ge W 
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then the periods satisfy the differential equation 
FO — J) (yA) + (4 — 77) 2 (yd) = 2 yd™. 
dJ? . dJ hag 
22. Verify that the expression of Ex. 19 agrees with 
that of Ex. 15, Chap. VI., and with that of § 67. 


23. Find expressions for the ares of the curves, 


ki2y = 2kb sn™ ; ‘d 
27 +¢ 
. 


y = bk'ne 
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